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CHAPTER 1

Review of Linear Algebra

1.1 Vector Spaces

Before we describe in detail what a vector space is, we must first
understand the two operations that help serve to define a vector
space. We take the concept of addition and multiplication that
we understand from arithmetic and generalize:

Definition 1 (Addition). If we have a set V and elements
u,v € V, then addition is an operation that assigns an element
u+v €V to those two vectors.

Similarly, we can construct a definition for multiplication:

Definition 2 (Scalar Multiplication). If we have a set V' and
elements u € V and X\ € F, where F can be either R or C then
scalar multiplication assigns an element Au € V' to that vector
and scalar.

Note that we have defined multiplication of a vector by a
scalar. We will discuss the multiplication of two vectors together
later, but you may recall from linear algebra that there exist an
inner product (a “dot product”), and a cross product, the former
of which produces a scalar, and the latter of which produces a
vector.

Now we can define a vector space. The purpose of this
mathematical concept is to allow us to generalize the properties
of addition and multiplication on vectors in Euclidean 2-space
or 3-space, or, more concisely, R? or R3. We will find that in
our study of tensor calculus, the concept of a vector space will
become even more general. The setting for this abstraction is a
field, denoted F, which in our applications will usually be R or

C.

13



14 Chapter 1. Review of Linear Algebra

Definition 3 (Vector Space). A wector space is a set V' contain-
ing two operations, an addition and a scalar multiplication, both
onV, and:

e Commutativity: u+v=v+u YVu,v€V.

o Associativity: (u+v)+w =u+ (v+w) and (Ap)u =
Apu) Yu,v,w €V and VA, peF.

o Distributivity: M\u+v) = A+ v and (A+p)u = du+pu
for all \,p € F and all u,v € V.

e Additive Identity: There exists some element 0 € V' such
that u+0 = wu for allu € V. In other words, there exists a
vector that functions very similarly to zero with respect to
addition in arithmetic; any vector plus the identity equals
that same vector.

e Multiplicative Identity: There exists some element 1 € F
such that lu = u for allu € V.

e Additive Inverse: For every uw € V, there exists v € V
such that w+v = 0. In less formal terms, for every vector
in the vector space, there must exist some vector also in the
vector space that, when the two are added together, make
the additive identity vector; this is similar to how a number
plus its negative of that number equals zero.

You may be familiar with the definition of a vector as a set
of 2 or 3 numbers, like (1,2,3). This is not entirely false, but it
is not general enough for our purposes. With the concept of a
vector space in hand, we define the vector as follows:

Definition 4 (Vector). A vector is considered to be an element
of a vector space.

In certain contexts, it may be useful to further classify vector
spaces as either real or complex. We find in linear algebra that
real and complex vector spaces exhibit certain distinct properties
from each other, although they are very similar in many ways,
by the definition of a vector space.
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Definition 5 (Real and Complex Vector Spaces). A vector space
where F = R is called a real vector space. A vector space where
F = C is called a complex vector space.

It is now time to begin proving some basic theorems about this
mathematical concept. These proofs should be fairly straightfor-
ward to understand and should even be review for the audience
of this textbook.

Theorem 1. A vector space has a unique additive identity.

Proof. Suppose that we have a,b € V such that a and b are both
additive identities of V. Then we must have

a=a+b=b+a=b (1.1)
Hence, a = b, and so V must have a unique additive identity. [

Theorem 2. FEvery element in a vector space has a unique
additive inverse.

Proof. We have a vector v € V. Let u and w be additive inverses.
Then

u=u+0=u+@wW+w)=@w+v)+w=0+w=w (1.2)

Hence v = w, and so there must be only one unique additive
inverse. [

Theorem 3. Zero times a vector is equal to the zero vector, or
Ov =0, for everyv € V.

Proof. We have that
Ov=(0+0)v =00+ 0v (1.3)
Adding —0v to both sides of the equation, we obtain

0=0v (1.4)
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Theorem 4. A scalar times the zero vector is equal to the zero
vector, or a0 =0, for all a € F.

Proof. Given some a € F, we have
a0 = a(0+0) = a0 + a0 (1.5)
Adding —a0 to both sides of the equation, we obtain
0=a0 (1.6)
O

Theorem 5. (—1)v = —v for all v € V, where —v denotes the
additive inverse of v.

Proof. We are given a v € V| and therefore
v+ (-v=1v+(-1)v=>1+(-1)v=0=0 (1.7)
Hence (—1)v must be the additive inverse of v. O

Now that we have a better idea of what vector spaces are,
it is time to define another useful mathematical concept: the
subspace. Oftentimes, we will deal within vector spaces inside
vector spaces, and the concept of the subspace helps us formalize
and deal with many of these ideas efficiently.

Definition 6 (Subspace). A subspace of a vector space is a
vector space that is a subset of a vector space; this subspace
must itself be a vector space under the same addition and scalar
multiplication operations defined on V.

As the vector space is closed under addition and scalar mul-
tiplication by Definitions 1 and 2, it follows that the subspace
must be closed under the same operations:

Remark 1. Given some subspace W and vectors v,w € W, we
must have that v+w € W and v € W.

It is time to review some concepts that should hopefully be
familiar from linear algebra. For example, the linear combination:
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Definition 7 (Linear Combination). A linear combination of
some vectors u,v,w, ... € V is an expression

au+bv + cw + ... (1.8)

Theorem 6. A subspace W where v,w € W and A\, i € F must
contain all linear combinations A\v 4+ pw.

The proof is left as an exercise for the reader.

We turn our attention briefly toward matrices, and find
that we can apply our concept of vector spaces to describe the
properties of matrices in greater detail:

Definition 8 (Column Space). Given a matriz A, the column
space of A contains all the linear combinations of the columns

of A.

We introduce a couple more concepts from linear algebra, for
the sake of review:

Definition 9 (Linear Independence). A set of vectors vy, ..., v, €
V' is linearly independent if

a1 +...+apv, =0 = a1 =...=a, =0 (1.9)

Definition 10 (Span). A set of vectors vy, va,... €V spans a
vector space V' if any vector u € V' can be represented as a linear
combination of vi,va, ...

Theorem 7. The system Ax = b is solvable if and only if b is
in the column space of A.

Proof. If b is not in the column space of A, then no linear
combination of the columns of A will equal b.

Remark 2. The column space of A can also be described by all
vectors Ax, where A and x have appropriate dimensions.

Therefore, if b is not in the column space of A, we must have
that Az = b has no solution. Therefore, Ax = b is solvable if b is
in the column space of A. Similarly, we conclude that if Az =b
is solvable, then there must exist some linear combination of the
columns of A that equal b (see the remark). Hence, we have
proved the claim in both directions. O]
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The concept of the basis is an incredibly useful one, because
with the basis, we are able to view vector spaces similarly to how
we can view Euclidean n-space: with components. The vector
(1,2, 3), for instance, simply shows its components with respect to
the standard basis in that expression. The concept of a basis also
allows us to formalize the concept of a dimension mathematically.
This will prove invaluable in our study of manifolds and tensors
later on in the book.

Definition 11 (Basis). The vectors vy,vs,...,v, € V form a
basis of V' if vy, va, ..., v, are linearly independent and span V.

Definition 12 (Dimension). The dimension is the number of
vectors in a basis.

Definition 13 (Components). Let vy, ...,v, be a basis of V.
Then a vector uw € V can be described by its components u =
(a1,az,...,a,), where

a1v1 + ag + ... + apvy, = u (1.10)

1.2 Dual Spaces

The idea of a dual vector space will become paramount to un-
derstanding the indices of tensors, but for now it will serve us
well to define what a dual space is. For this, we turn to the
mathematical tool of linear functionals, which simply take a
vector and map it to a scalar. In this way, it can be thought of
as the “opposite” of a vector.

Definition 14 (Linear Functional). A linear functional is a
linear transformation from V to .

In quantum mechanics, the linear functional is called a “bra,”
whereas a vector is called a “ket.” This is because, when you
take the linear functional of a vector, you obtain a scalar; this is
another way to view the inner product, as a product between a
bra and a ket, or the linear functional of a vector.

Using the concept of linear functionals, we define the dual
space:
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Definition 15 (Dual Space). The dual space V* is the set of
all linear functionals from V to F.

The introduction of the concept of the dual space begs the
question of what the dimension of the dual space necessarily is.
And it turns out that it is simply the dimension of the vector
space it is the dual of:

Theorem 8. If we have a finite-dimensional V (i.e. the di-
mension is not infinity), then V* has the same dimension as
V.

Proof. The following lemma is stated, with the proof being a
simple exercise in linear algebra.

Lemma 1. The set of linear maps from a vector space V to a
vector space W has a dimension that is the product of dim'V' and
dim W.

Therefore, we have
dimV* =dimVdimF = dimV (1.11)
Therefore, V* has the same dimension as V. O

It is time to introduce ourselves to various different kinds of
functionals that will serve greater importance. We consider how a
vector v can be represented by coordinates x1, ..., x,. Therefore,
it is useful to define a sort of “coordinate function” that maps a
given vector to one of its coordinates, like so:

Definition 16 (Coordinate Functions). The coordinate functions
are functionals @; such that, given a vector v = (21, ...,Zn),

wi(v) =z (1.12)

Additionally, since we have discussed bases in vector spaces
before, the question naturally arises: can we have a basis of a
dual space? We can, and it is called the dual basis. It is induced
from the basis of the vector space:
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Definition 17 (Dual Basis). The dual basis is a set of functionals
P15 .-, P where, given a basis vy, ..., v, of V, we have that

1 1=
i(v;) = 1.13
pi(v;) {0 ) (113)

It may serve us well to condense this into the following
notation:

Definition 18 (Kronecker Delta). The Kronecker Delta is a
function as follows:

0 i#j

We clearly see that the dual basis of a basis vector is equivalent
to the Kronecker Delta function.

This Kronecker Delta will surely come up again in our studies
of tensors at various points, so it will be useful to define it now.
As it turns out, the Kronecker Delta has a myriad of applications
in differential geometry, tensor calculus, and general relativity,
and is somewhat analogous to the identity matrix, and certainly
equal in importance.

Below are a couple useful theorems related to dual bases.
These theorems will illuminate certain properties of the dual
basis as well as its relationship to the basis of the vector space.

i 1 i=y
5 = { (1.14)

Theorem 9. If we have a basis vi,...,v, € V and a dual basis
P1, -y Pn, then

v=p1(V)v1 + ... + @np(v)v, (1.15)

Proof. We have that v = civ1 + ... + ¢y, as all vectors in a
vector space are linear combinations of the basis. It follows by
the definition of a dual basis that ¢;(v) = ¢;. Hence, we obtain
our desired result:

v=p1(V)v1 + ... + @np(v)v, (1.16)
O
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Theorem 10. The dual basis of a basis of V' must be a basis of
V.

Proof. We have a basis vy, ..., v, € V, and a dual basis 1, ..., o, €
V*. Let us suppose that there exists some ay,...,a, € F such
that

a1p1 + oo + anpn =0 (1.17)

Since (a1¢1+...4+0npn )k = ag, then we have that the coefficients
of the dual basis must all vanish. Therefore, the dual basis is
linearly independent. Note that the dual basis also spans V*,
and so we conclude that the dual basis is a basis of V*. O

The Dirac functional is a very special type of functional. It
is defined only when the vector space V' contains functions, as
defined below.

Definition 19 (Dirac Functional). Let V' be the vector space
of all continuous real functions on the interval [0,1]. Given a
vector v(xz) € V, The Dirac Functional is defined as

§(v) = v(0) (1.18)

We have already established that the dimension of the vector
space is equal to the dimension of the dual space, but can we
establish an isomorphism between the two spaces? The answer
is straightforward.

Theorem 11. Let ¢ be the dual vector corresponding to v; that
is, the functional o(w) = (v, w), where (-,-) denotes the inner
product (see Appendiz C). We have that the map

v (1.19)
must be an isomorphism between V and V*.

Proof. Let us begin by proving that this map is linear. Consider
the vector u + v. Then the mapping gives:

U+U’_>90u+v:<u+va'>:<u7'>+<va'>:90u+§0v (1~20)
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Then, we consider the vector Av.
A= o = (Au, ) = Mo, 1) = Ay (1.21)

Hence, the map must be linear. Now, if ¢ = 0, then it follows that
(v,wy =0 for all w, and so v = 0. Therefore, v — ¢ is injective,
and since dim V' = dim V*, the map is also an isomorphism. [

One final topic that may be of importance is that of the
annihilator. The annihilator of a given subset of the vector space
is a subset of the dual space where each functional takes every
member of the subset of the vector space to zero. In more formal
terms, the annihilator is defined like so:

Definition 20 (Annihilator). We have a subset U C V. The
annihilator U® C V* is the set of linear functionals ¢ such that
p(u) =0 forallueU.

We will eventually know the vectors and dual vectors by
different names (if you are curious, the names are contravariant
and covariant, respectively), but it is important to establish a
strong knowledge base in vector spaces and dual spaces in order
to provide the groundwork for our studies in tensors later.

1.3 Bilinear Forms

It is now useful to study a field of mathematics known as multi-
linear algebra, which studies those kinds of maps with multiple
different arguments. We begin with the simplest multilinear map,
that being the bilinear map. Below is a quick definition of the
Cartesian product for the reader’s convenience:

Definition 21 (Cartesian Product). The Cartesian product of
two sets U and V is the set U x V' of all ordered pairs (u,v),
where u € U and v € V.

As it turns out, this definition is crucial to understand the
concept of the bilinear map, for the Cartesian product is the
method by which we are able to account for multiple different
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arguments in a multilinear map. The definition of a bilinear map
is simple: we take the Cartesian product of two vector spaces
and map it to another vector space. The bilinear map must also
have certain special properties, that being that it is linear in
each argument. A more formal definition is illustrated below.

Definition 22 (Bilinear Map). A bilinear map T is a function
mapping the Cartesian product of two vector spaces V- x W to
another vector space U such that the following properties hold:

e Forany A\ € F, then given av €V and w e W,

T, w) =T (v, \w) = XT'(v,w) (1.22)

e For allv,vi,ve € V and w,wy,ws € W, then
T(v1 + ve,w) = T(vy,w) + T(va, w) (1.23)
T(v,w; +ws) =T (v,w1) + T'(v, ws) (1.24)

Now that we are familiar with the formal definition of a
bilinear map, we are able to prove several elementary theorems
concerning this concept. We begin by proving that if the zero
vector is an argument in the bilinear map, then the resulting
vector must be the zero vector. This theorem follows shortly
from the fundamental properties of the bilinear map.

Theorem 12. IfT :V x W — U is bilinear, then if v eV and
if we W, then T(0,w) =0 and T(v,0) = 0.

Proof. The former claim can be proven like so:

T(0,w) = T(0v,w) = 0T (v,w) =0 (1.25)
The latter claim can be proven in a similar manner:

T(v,0) =T (v,0w) = 0T (v,w) =0 (1.26)

Therefore, we have reached our desired results. O
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Consider the set of all maps from V x W to U. It is obvious
that the set of all bilinear maps from V' x W to U is a subset
of the previous set, but we can make a stronger claim. We can
prove that the set of bilinear maps is a subspace of all the maps
from V x W to U. The proof is left to the reader.

Theorem 13. The set of all bilinear maps from V- x W to U is
a subspace of all maps (not necessarily linear maps) from V-x W
toU.

The reader who is familiar with the properties of spaces of maps
may be able to prove this as an exercise.

Our final theorem for now concerns the dimension of the set
of bilinear maps. We prove that the dimension of the set of
bilinear maps is fairly straightforward: simply the product of
the dimension of all relevant vector spaces.

Theorem 14. Given finite-dimensional vector spaces U, V, W,
then the set of all bilinear maps from V- x W to U 1is finite-
dimensional.

Proof. Let {v1,...,vm}, {w1,...,wp}, and {uq, ..., up} be bases
for V., W, and U, respectively. A bilinear map B: V x W — U
is completely determined by its values on pairs (v;,w;). For each
pair (4,7), we can write

p
B(vi,wj) = Zakijuk, (127)
k=1

where the ay;; are scalars. Thus, B is determined by mnp scalars,
and the space of all such maps is isomorphic to F™"P. Therefore,
its dimension is (dim V')(dim W)(dim U). O

We now approach a new important concept: that of the
bilinear form. The bilinear form is a special kind of bilinear map,
in that the resulting vector space is rather the set of scalars, or
F. We will see soon that bilinear forms are a kind of tensor, but
we will save the specifics for when we have defined the tensor.
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Definition 23 (Bilinear Form). The bilinear form on V over F
s a kind of bilinear map that maps the Cartesian product of V
with itself to F. In other words, the bilinear form T is a map

T:VxV->F (1.28)

Given two n-dimensional vectors u and v, we can state that
the bilinear form of vectors u and v can be represented by a
matrix A;; such that

n n

T(u,v) = Z Z ul Ajjv; (1.29)

i=1 j=1

where 7 indicates the transpose of a vector (i.e. transforming it
from a column vector to a row vector).

When considering bilinear forms, we must take into account
certain categories of bilinear forms that will serve to be important
classifications of bilinear forms. We examine the following types
of bilinear forms:

Definition 24 (Types of Bilinear Forms). A bilinear form can
be the following:

o Symmetric: T(u,v) =T (v,u) for all u,v € V
o Alternating: T(v,v) =0 for allv eV
o Antisymmetric: T(u,v) = =T (v,u) for all u,v € V.

The reader should be familiar with the concept of an inner
product on R or C, but to sufficiently examine more general
kinds of spaces, we must generalize our knowledge of the inner
product. As it turns out, bilinear forms can be defined as inner
products, as in the below definition:

Definition 25 (Inner Product). A bilinear form that is one
of the above types may be thought of as an inner product, and
a vector space V' along with an inner product (-,-) is called an
inner product space.
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A given inner product may naturally induce various kinds
of geometries on a vector space. Below are two well-known
examples of geometries that arise from inner product spaces:

Definition 26 (Orthogonal and Symplectic Geometries). The
following geometries can be defined on an inner product space.

e Orthogonal: An inner product space with a symmetric
form must have an orthogonal geometry.

o Symplectic: An inner product space with an alternating
form must have a symplectic geometry.

Bilinear forms are also naturally connected to quadratic forms,
which prima facie may seem markedly distinct from the former.
However, we will find that the two mathematical concepts share
a close relationship.

Definition 27 (Quadratic Form). A quadratic form is a polyno-
mial where every term is of degree two, for instance, x>+ xy+y>.
It can also be thought of as a map V- — F where v — T(v,v).

To understand this relation more deeply, consider the fact
that a bilinear form can be represented by a matrix. If we have

the bilinear matrix
1 2
T = (2 4> (1.30)

Then the quadratic form maps a vector (i) to 2% + 2zy +

2yx + 4y? = 22 + 4ay + 4y? through the following matrix multi-
plication:

T @) = (@ 0) (3 3) (0) =+ o a3

To end our excursion in bilinear forms, we consider a gen-
eralization of the polarization identities. In linear algebra, the
polarization identities defines the inner product in terms of the
norm. We generalize this identity so we recover a bilinear form
in terms of its associated quadratic form:
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Theorem 15 (Polarization Identities). Consider the quadratic
form f(v) = T(v,v), where T is symmetric. Then we must have

2T (u,v) = f(u+v) = f(u) = f(v) (1.32)
2T (u,v) = f(u) + f(v) — f(u—0) (1.33)
4T (u,v) = f(u+v) — f(u—v) (1.34)

Proof. We have that
flu+v) =Tw+v,u+v) =T(u,u)+2T(u,v) +T(v,v) (1.35)

= 2T'(u,v) = f(u+v) = f(u) — f(v) (1.36)
Then

flu=v)=Tuw—v,u—v) =T(u,u) — 2T (u,v) +T(v,v) (1.37)

= 2T (u,v) = f(u) + f(v) — f(u—v) (1.38)

Finally, adding 1.34 and 1.36 together, we obtain
AT (u,v) = f(u+v) — f(u—v) (1.39)
O

1.4 Multilinear Maps

We have reached the point in multilinear algebra where we are
able to study multilinear maps. The reader will find multilinear
maps to be a reasonable generalization of the bilinear map, as
follows:

Definition 28. A multilinear map from Vi,...V, to W is a
function T : V1 x ... x Vi = W such that the following properties
hold; given a v;,u; € V; for alli € [1,n] and X € F:

T (V1 .oy Vg + Ujy oevy V)

=T (V15 ey Uiy ooy Op) + T (V1 ey Uiy ooy V) (1.40)

and
T(v1, o AV ooy V) = AT (V1,5 00y Uy ey V) (1.41)
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Similar to the bilinear map, we are able to make the following
statement:

Theorem 16. If one of the arguments of a multilinear map is
the zero vector, then the arguments are mapped to the zero vector.

Proof. Consider T'(vy,...,0, ...,v,). We have
T (V1,0 004, ooy V) = 0T (U1, ooy Uiy ooy Up) = 0 (1.42)
O]

An example of a multilinear map would be the n x n deter-
minant, which maps V' X ... x V to F, where V' x ... x V' consists
of n copies of V. In this case, we call the determinant n-linear.
The determinant is an example of a multilinear form:

Definition 29. A multilinear form, or n-linear form, is a type of
multilinear map from V™ to F, where V™ denotes the Cartesian
product of n copies of V.

The multilinear form will be given special consideration for
the remainder of this chapter, for it is related closely to the study
of tensors, as we will soon see. But first, we begin to categorize
multilinear forms just as we have done with bilinear forms by
certain properties that they have. We once again use the terms
symmetric, anti-symmetric, and alternating in the same way that
the reader expects based on section 1.3.

Definition 30 (Types of Multilinear Forms). A multilinear form
can be the following:

o Symmetric:
T (V1,03 Uiy ey Vg oy Up)
=T(V1, .0, Vj, ey Vi oey Up) (1.43)
e Anti-Symmetric:
T(V1, ey Uiy ey Vg ey Up)

= =T (V1,0 Vjy ey Viy ooy Upy) (1.44)
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o Alternating: If v; = v; for some i # j, then

T (V1,3 Uiy ey Uy ooy V) = 0 (1.45)

We find that alternating multilinear forms carry certain spe-
cial properties. For example, we have that the multilinear form
is zero if its arguments are linearly dependent. The proof looks

fairly intimidating in terms of expressions, but is conceptually
very simple.

Theorem 17. Consider the alternating multilinear form T. If
V1, ..., Uy 68 linearly dependent, then T(vy, ..., vpy) = 0.

Proof. If vy, ...,vy, is linearly dependent, then there must be
some vj, such that

v = Z a;v; + Z a;v; (1.46)

1=k+1

Therefore, we must have
T(V1,.vey Uiy - -Upn)

T(vl,...ZaivlJr Z iV, .. m> (1.47)

i=k+1

k—1 m
=D T, ey Vis ooy V) + Y T(W1, 000y Vi ooy V) (1.48)
i=1 L

as v; = v; if ¢ # j implies T'(vy, ..., i, ..., Vj, ..., Up) vanishes. [
We can prove a weaker version of the inversion like so.

Theorem 18. IfT is a nonzero alternating multilinear form on
V and vy, ...,v, € V which span V and are linearly independent,
then T'(v1, ..., v5) # 0.
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Proof. We understand that vy, ..., v, are bases, since they span V'
and are linearly independent. There must exist some w1, ..., w, €
V such that T(wy, ...,w,) # 0, as T is nonzero. w; #* 0 for all
1 € [1,n], as well, because if w; = 0, then T(wy,...,0,...,w,) =
0T (v1, ..., V4, ..., v, ) = 0. Hence we have a nonzero wy, ..., w, such
that T'(wq, ..., w,) # 0. Letting v; = a;w; gives us T'(vy, ..., vy,) #
0. O

It is also an interesting property of alternating multilinear
forms that every alternating multilinear form is antisymmetric
as well. One may accomplish this by considering T'(vy, ..., v; —
Uiy eeey Un).

Theorem 19. All alternating multilinear forms are antisymmet-
Tic.

The proof is (once again) left as an exercise to the reader. The
reader who has completed exercise 13 will find this exercise to
be not difficult.

We consider some more nomenclature before ultimately ar-
riving at the concept of the tensor product; one will hear of the
n-covector inevitably in their study of tensors, and it is important
to lay out a definition of such when possible.

Definition 31 (n-Covector). An n-covector is a multilinear
form on V' (with n copies) over R.

At last, we have come to the concept of the tensor product.
This is the first time that we will (tangentially) be dealing with
tensors, although we have not yet rigorously defined what a tensor
is. That is reserved for chapter 2. One will find that the tensor
product is similar to the Cartesian product, although dissimilar
in the fact that it preserves multilinearity (or bilinearity in the
case of the tensor product of two vector spaces). Now, we will
formally define the tensor product:

Definition 32 (Tensor Product). The tensor product (a vector
space T') of two vector spaces U ® V' is the set of vectorst € T
such that there exists a bilinear map (u,v) +— t where u € U
andv € V. t =u®v is considered to be the tensor product of u
and v.
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Some properties of the tensor product include the following:

c(u®v)=cuV=u® cv (1.49)

(u+v)¥(w+z)=uRwt+vewtulkr+vexr (1.50)

It is easy to see how the tensor product is associated with
multilinearity. We are able to multiply more than two vector
spaces in a similar way, like so:

V1 QU ® ...V, =1 (1.51)

where t is the tensor product of all vy, ...,v, € V. Therefore,
teV ®..V. Some of the properties of this tensor product
will be left to the reader to verify.

Consider the Cartesian product of v and v, u X v. It is
well-known that c(u x v) = cu x cv. However, we see that this
is obviously not the case with the tensor product. Although
the tensor product and Cartesian product are built from both
vector spaces, they are different in terms of properties. Knowing
these differences will be crucial conceptually to distinguishing
the difference between these products.

One may find the Cartesian product to be a more “natural”
product of two vector spaces, but as we deepen our study of
tensors, we will see how the tensor product is well-motivated
as well. For instance, tensors can be “decomposed” into their
constituent factors based on the concept of the tensor product,
and an (m,n) tensor multiplied by a (p,q) tensor gives us an
(m + p,n + q) tensor. But that is enough of a sneak peek into
chapters 2-3 of this book. Let us talk about the motivation for
why we even want to study the concept of tensors in the first
place.

1.5 Motivation for Tensors

What is exactly the point of introducing the concept of tensors?
We find that tensors have a couple key properties that allow us
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to make certain applications much easier. The two fundamental
properties of tensors that we are interested in are described
below:

1. Tensors are coordinate-invariant; that is, under a coordi-
nate transformation (think Cartesian to polar coordinates),
tensors remain unchanged. The components of a tensor
may change, but the tensor itself does not change.

2. Tensors allow us to condense notation in such a way that
multiple different equations can be written in one. This
has profound implications in applied mathematics, such
as in physics, where we can write even dozens of different
equations in terms of one equation that uses a tensor.

We will begin to explore some of the motivations behind
tensors, but first, it will serve us well to review one key concept
from multivariable calculus:

Definition 33 (Partial Derivative). The partial derivative of a
function f(x1, ..., z,) with respect to a variable x; can be described
using the following equation:

of
8%‘1‘

_ 87,f — lim f(mla ey T hv 7xn) _ f(xlv ey Ly 7xn)
h—0 h
(1.52)

Surely the reader is familiar with the single-variable derivative;
the partial derivative essentially amounts to taking the derivative
of a function with respect to one variable while keeping all others
constant. One may practice this in the exercises; it will become
incredibly useful to be proficient in these calculations when we
approach more complicated multivariable derivatives.

The gradient is an important concept from multivariable
calculus, that is defined as follows:

Definition 34. The gradient of a function f(x1,...,zy) is the
vector with components

V= (01f,02f, 00 f) (1.53)
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Now, what sort of basis will, when combined with the above
components, make the gradient? One would be inclined to say
that the gradient is always Vf = (01 f)e1 + ... + (On f)en, where
€1, ..., €, is the basis of the coordinate system. But that would be
incorrect. To provide a sketch of the reasoning why, notice that
the derivative changes at twice the rate when the basis becomes
twice as big, and the derivative changes at half the rate when
the basis becomes half as big.

Remark 3. The gradient of a function must remain invari-
ant under a coordinate transformation; the components of the
gradient may change in a certain way, however.

I will leave it to the reader to verify for one simple function
that the assumption made earlier conflicts with the above remark.

As it turns out, the gradient of a function is a tensor! Specif-
ically, it is a (0, 1) tensor. As we will learn soon, it is a special
case of applying the exterior derivative to a scalar function. You
are not expected to know these words quite yet, but we will
rigorously define and apply these concepts soon.

Tensors are also extremely important for condensing multiple
equations into one simpler equation. This economy of expres-
sion is paramount in applied mathematics, where we look for
the simplest expressions describing a given system. Before we
consider our example, Maxwell’s equations, we define a couple
new concepts:

Definition 35 (Divergence and Curl). The divergence V - f of
a vector function f(x1,...,x3) = (f1,..., f3) s defined as

V.- f=(01f1) + (02f2) + (03f3) (1.54)
The curl V X f is defined as

€1 () €3
V x f = 31 82 83 (155)
i fe fs

This definition is not very general, but in Euclidean 3-space
with the standard basis, it works. It can be demonstrated in a
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similar way as the gradient that this is not always the case in
more general coordinate systems, but we are getting ahead of
ourselves. Now we have all of the tools necessary to understand
our example of how tensors can conserve the amount of equations
necessary for describing something: Maxwell’s equations.

Definition 36 (Maxwell’s Equations). Mazwell’s four equations
are written here in full:

Vx B= /1,0(J+ antE) (156)
v.-E="L (1.57)

€0
VxE=-0,B (1.58)
V- -B=0 (1.59)

We have that B represents the magnetic field (a vector quantity),
Lo represents the vacuum permeability (a constant), J represents
the current density (a vector), €y represents the vacuum permit-
tivity (a constant), E represents the electric field (a vector), and
p represents the charge density (a scalar).

We will demonstrate that tensor notation will be able to
quite sufficiently condense the number of equations that we have
to deal with. We begin by defining the electromagnetic tensor,
which is simply a matrix:

0 —E -E» —Ey
o Ey 0 B —Bs
Fw=\g, B, 0 B (1.60)

Es By -B; 0

where the E and B components are exactly what one would
expect to be. As we have not yet learned about tensors, I will
not go into great detail, but the end result is that we have two
more general equations:

O FH = J (1.61)

OuFun =0 (1.62)
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This is incredible news for the physicist, who is looking to find
the most elegant relationship between the electric and magnetic
fields. And as it turns out, the utility of the tensor does not
stop at Maxwell’s equations; the even more complicated Einstein
field equations bring dozens of equations together into one. But
we will get there in several chapters. There is one more piece
of motivation that we are going to discuss before we begin to
modify our notation slightly.

The study of tensor calculus is deeply intertwined with that
of differential geometry, and therefore, it follows that to under-
stand tensors well, we must understand manifolds well, and vice
versa. Tensors are able to shed much light on manifolds. These
mathematical objects end up describing properties of manifolds
that would otherwise be incredibly complicated to define. For
instance, curvature. Qualitatively, everyone knows what curva-
ture is, but it is difficult to rigorously define curvature. However,
we may (in part) utilize a tensor known as the Riemann tensor,
R,.p0 to gain insight into this descriptor of a manifold. Now
concerning distance between two points on a manifold, there is
yet another tensor that does the job of defining distance quite
well. It is none other than the metric tensor, g,,,. We find that,
in Euclidean space, we have

G = ((1) (1)) — ds® = dz® + dy? (1.63)

The connection between the distance formula and the metric
tensor will become clearer as we continue our study of tensors,
but this will suffice in terms of motivation. Now we move onto
notation.

1.6 Notation

My choice to leave vectors unbolded and without arrows may
leave some readers scratching their heads, but this is where that
choice should theoretically pay off, for now we will add indices
to vectors, functionals, and forms.
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We begin with the scalar. We will leave the scalar as is,
without any indices. For example, we have a scalar m for rest
mass. No indices are necessary, because a scalar only has one
component.

We move onto the vector. Vectors will contain one index as a
superscript; these describe the components of a vector. Note that
if the superscript is a Greek letter, we start from 0 to 3, whereas
if the superscript is a Latin letter, we start from 1 to 3. For
example, V@ = (V1 V2 V3), whereas V* = (VO V1 V2 V3),

Next, we consider the basis vector. The basis vector also has
one index, but this index is a subscript, not a superscript. This
is similar to the linear functional, which also has one index as a
subscript. One would naturally ask the question why the basis
vector and the dual vector have the same notation, whereas the
basis vector and the vector do not. When we cover contravariance
and covariance in the next chapter, those questions will be
answered shortly. Given what we know about the basis and the
dual vector, it is only natural that the dual basis is expressed in
terms of one index as a superscript.

We examine the bilinear form, which maps V x W — F. Since
the dual vector maps V' — F, one may conclude that the bilinear
form can be represented by two indices, both subscripts, like so:
Guv-

Similarly, the multilinear n-linear form mapping V' x...xV —
F will have n indices, all as subscripts, like K, por (I made this
tensor up).

Now, it is time to consider the Einstein summation convention,
which is a convention that at first may seem annoying and
unwarranted, but as we deepen our knowledge of tensors, it will
become more natural and motivated. It is defined like so:

Definition 37 (Einstein Summation Convention). When we
have an expression containing two of the same index, one su-
perscript, and one subscript, it is generally the case to sum the
expression over that particular index.

This definition is admittedly abstract, so let us look at a
couple of examples. Consider multiplying each component of a
vector by its respective basis vector:
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3
y =vle; +v2es + vieg = g v'e; (1.64)
i=1
Since there is one i as a superscript and one i as a subscript,

we can remove the sigma notation, as it is implied by the Einstein
summation convention:

3
Zviei = viei (165)
i=1

Let us look at a more complicated expression. Consider the
following:

A v
[, 052t O (1.66)

There are two indices, g and v, which feature both as a
superscript and a subscript. Therefore, this expression must be
summed over both p and v, like so:

3 3
T, 0t s’ =Y Y T, 0uatOsz” (1.67)

pn=0rv=0

It takes practice to identify when the Einstein summation
convention is applicable, so there are several exercises that will
allow you to practice that skill. With that being said, we have
reached the end of chapter 1. We now have acquired all the
background knowledge we need to rigorously define the tensor.

1.7 Exercises

Exercise 1: Prove that a subspace containing v and w must
contain all linear combinations Av + pw.

Exercise 2: Are all Euclidean n-spaces R linear spaces? Prove
your claim.
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Exercise 3: Prove that the dimension of a subspace U C V is
less than or equal to the dimension of the vector space V.

Exercise 4: A matrix A is considered invertible if there exists
a matrix A7 such that A™'4 = AA~! = I, where I is the
identity matrix. Prove that if a matrix A is invertible, then the
dimension of the column space is the number of columns of A.

Exercise 5: Prove that the annihilator U° of a subspace U C V
is a subspace itself of V*.

Exercise 6: Given a vector space V' and a functional ¢ that acts
on V', prove that the dimension of V is equal to the dimension
of the null space of ¢ plus the dimension of the range of ¢.

Exercise 7: When is a given linear functional on V injective?
When is it surjective? Both? Neither?

Exercise 8: Consider the Cartesian product of two vector spaces
V x W. Let vy,...,v,, be a basis for V and let wy, ..., w, be a
basis for W. Find a dual basis of (V' x W)*. Is it the same as
the dual basis of V* x W*?

Exercise 9: Prove that the inner product over real numbers is
bilinear. Does the same hold for the inner product over complex
numbers? Justify.

Exercise 10: The cross product in R® takes two vectors in
R? and maps it to another vector in R3. Does this function
constitute a bilinear map?

Exercise 11: Prove that the set of all bilinear maps from V x W
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to U is a subspace of all maps from V x W to U.

Exercise 12: Can a bilinear form be both symmetric and
antisymmetric at the same time?

Exercise 13: Prove that an alternating bilinear form must be
antisymmetric as well.

Exercise 14: Can you think of an inner product space that
contains both an orthogonal and symplectic geometry over R?

Exercise 15: Find dim V™.

Exercise 16: Show that all alternating multilinear forms must
be anti-symmetric.

Exercise 17: Construct a 3-linear form 7 : F3 x F? x F3 — T.

Exericise 18: Consider an n-linear form from V x ... x V — F,
where we have T'(v1, ...,v,) = a. Find T'(vy, ..., v1). Consider all
cases of n.

Exercise 19: Verify that ¢c(v1 ®...Qv,) =11 ®...Qcv; ®@... @ Up,.

Exercise 20: Verify that v1 ® ... ® (v; + v;1) @ ... R v, =
V1 ® ... 00, QUy +1V1 X ... Vi1 @ ... ® Up.

Exercise 21: Find all partial derivatives of the following func-
tions:

(a) f(x,y,z) = dxy
(b) f(a?,y,z) :$2+y2+2’2
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) f(z,y,2) =y +yz
d) f(z,y,z) =sin(zy) + cos z
(2,9,2) ="V

g) f(@1, - mn) =200 F
Exercise 22: Find the gradient of all functions in Exercise 21.

Exercise 23: Verify that Remark 3 is incompatible with the
assumption that Vf = >"" | (9;f)e; for every coordinate system,
using the function f(z,y) = z2 + 32

Exercise 24: (Gauss’ Law.) Gauss’ Law can be derived from
Maxwell’s equations. Derive the following:

# E-dA=2 (1.68)
S €0

Hint: We can use the identity

#SE~dA:///V(V~E)dV (1.69)

Exercise 25: Identify the different mathematical objects based
on index:
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Exercise 26: Write if the Einstein summation convention is
applicable to each expression, and if so, write the full form of
each expression (with sums):

(a) xiez

(b) v'v;

(c) a*b,
(d) Iuw dztdx”
(e) ALz
(f) ewpx"x xPx?
(g) a'bicd;
( )FA V)\’U

Challenge 1: A Hilbert space H is defined as an inner product
space that is considered to be a complete; that is, every Cauchy
sequence of points in the space has a limit that is also in the
space.

Definition 38 (Cauchy Sequence). A Cauchy sequence is a
sequence of elements x1,xa, ... such that for every e, there must
exist some number N such that for every m,n > N, then

[|Zm — xn|| < e (1.70)
A Hilbert space is also considered to be a metric space:

Definition 39 (Metric Space). A metric space M is a set
equipped with a distance function d : M x M — R with a couple
key properties:

e d(z,x)=0VreM.

o z#y = d(x,y) > 0.

o d(z,y) = d(y, ).

o d(z,2) <d(x,y)+d(y, 2).

(a) Is R™ considered to be a Hilbert space? Justify using the
definition of a Hilbert space.
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(b) A sequence z,, is weakly convergent to some vector z
when
lim (z,,v) = (z,v) Yve H (1.71)

n— oo

Prove that any orthonormal sequence converges weakly to 0.

(c) Define the dual space of H, H*. Define a norm on H*, and
prove that it is a valid norm. Does it satisfy the parallelogram
law?

Definition 40 (Parallelogram Law). On an inner product space,
the parallelogram law is stated like so:

2zl +2llyll* = llo +yl* + |lz — yl* Yo,y e H*  (1.72)

Challenge 2: Consider three topological vector spaces X,Y, Z.
Welet T: X XY — Z be bilinear and separately continuous.

Definition 41 (Separately Continuous). A map X xY — Z is
separately continuous if Vo € X, then y — T(x,y) is continuous,
and ifVy €Y, then x — T(x,y) is continuous.

(a) Prove that if a bilinear map is continuous at (0,0), then
it must be continuous everywhere.
(b) Let X be a Baire space:

Definition 42 (Baire Space). A topological space X is a Baire
space if a countable number of unions of closed sets with no
interior also have an empty interior.

Let Y be metrizable; that is, it is homeomorphic to a metric
space. Prove that T must be continuous, if it is separately
continuous.

(c) Some bilinear maps that are separately continuous are
continuous. Can you think of a bilinear map that is separately
continuous but not continuous?

Challenge 3: The Kronecker tensor product is defined as follows,
given two matrices A, B, where A is m X n:
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Definition 43 (Kronecker Tensor Product).

anB alnB
AoB=| : . (1.73)

amiB ... amnB

Construct a working iteration of the Kronecker tensor product
in MATLAB. Explain how it relates to the tensor product that
was discussed in section 1.4.

Challenge 4: Consider the following definition:

Definition 44 (Commutative Ring). A set with two operations,
addition and multiplication, is a commutative ring if addition is
associative and commutative, there exists an additive identity,
there exists an additive inverse for every element, multiplication is
associative and commutative, there exists a multiplicative identity,
and multiplication distributes over addition.

We examine a multilinear function 7" that takes the columns of a
given n X n matrix over some commutative ring, where we have

T(A) = T(ay, ..., an) (1.74)

(a) Prove that T'(A) is uniquely determined by how T" operates
on the identity matrix.

(b) If T' is symmetric in its column arguments, show that
the expansion reduces to the permanent-like sum (no signs).
Compare with the alternating case (determinant).

(c) Prove that every multilinear alternating form T satisfying
T(I) = 1 equals the determinant. First prove this case over a
field, then remark on rings.
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CHAPTER 2

Basic Definitions

2.1 Contravariance

At last we reach the chapter where we define a tensor. But first, it
is important to introduce a couple key terms: contravariance and
covariance. Although these terms may sometimes be considered
outdated today, I believe that it is important to at least gain
some understanding of the meaning behind these terms.

We define the contravariant indices of a vector v* like so:

v=1'e; = vi=v-¢ (2.1)

We recall that e; are all the basis vectors, and v'e;, by the
Einstein summation convention, implies that we really have

vie; = Zviei (2.2)

Note that the dot product v - e; indicates the projection of v
onto e;, which gives us the component v*. The contravariant
components of a vector are generally considered the “typical”
components of a vector; that is, when we think of a vector
as three numbers in R? in high school, those numbers are the
contravariant components of the vector.

Now, we consider how the contravariant components trans-
form under a coordinate transformation. It is obvious that when
the basis changes, the components of the vectors also change, yet
the vector itself does not change. This is what we mean when
we say that a vector, and soon, a tensor, is coordinate-invariant.
The components may change, but the vector/tensor does not.

The components of a vector always change via a transfor-
mation matrix; that is, given two different sets of contravariant

45
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components of a vector v/ and v?, we can relate them by the
following equation:

v = Ayt = ZAgvi (2.3)

where Ag is some transformation matrix that depends on the
coordinate transformation at hand. Recall that the Einstein
summation convention applies here.

Now that we have developed the basic properties of a con-
travariant vector, it is time to answer the following question:
what does contravariant even mean?

Definition 45 (Contravariance). A vector with given compo-
nents is considered to be contravariant if its components trans-
form against the basis vectors (hence the term “contra”). That is
to say, the manner in which the components transform is inverse
to the manner in which the coordinate basis transforms.

This is a nice definition, but it may confuse the reader even
more. So, to illustrate what I mean by this, I shall give a simple
example: consider a vector v and a basis e;. If the basis undergoes
a rotation to a new basis e;, the vector will appear from the basis’
point of view as rotating in the opposite direction; hence, the
components of the vector will change accordingly. This is what
is meant by contravariant; the components transform against
the basis vectors.

Now, we shall consider one of the most pertinent applications
of the contravariant vector: its importance in 4-dimensional
Minkowski spacetime. In special relativity, the contravariant
vector is often called a four-vector; let us define what that is:

Definition 46 (Four-Vector). A four-vector is a contravariant
vector with four indices from 0 to 3, 0 representing the time axis
and 1-83 representing the spatial axes, transforming accordingly:

v = At (2.4)

Did you catch the Einstein summation convention used here?
Hopefully this is good practice. The four-vector really is just
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a vector with four indices: (v°,v!,v2,v?), within the setting of
Minkowski spacetime:

Definition 47 (Minkowski Geometry). Minkowski geometry is
a type of geometry where the distance formula, given spatial azxes
x,y, 2z and temporal axis t, is as follows:

ds* = —dt* + do* + dy® + dz* (2.5)

It is interesting to note that dt? is negative. The reader can
speculate about why this is so as an exercise. Unfortunately,
we cannot do much with this application until we introduce
covariance, so we will leave our discussion of Minkowski spacetime
here and transition to the tangent space.

The tangent space will be treated informally and qualitatively
in this section of the textbook; we will consider more rigorous
definitions and properties later.

Definition 48 (Tangent Space). The tangent space T,M is the
set of all vectors tangent to a given manifold M at a point p.

Remark 4. The vectors comprising the tangent space of a man-
ifold at a point are all contravariant.

All tangent spaces for every point on the manifold can be
combined into a mathematical object known as the tangent
bundle:

Definition 49 (Tangent Bundle). The tangent bundle TM is
the set of all tangent spaces of a manifold M.

It is easy to see that the vectors comprising the tangent
bundle are also contravariant, given the prior remark. Now that
we have considered the contravariant vector, let us move on to
the contravariant tensor. Although we have not defined the
tensor yet, we will begin to gain some idea of what a tensor is.

Remark 5. The tangent product of a vector space V, TP(V) =
V®..0V, where V is multiplied n times, is the space of tensors
with n contravariant (superscript) indices. These are called
contravariant tensors.
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Tt is worth noting that these tensors are also labeled (n,0)
tensors, the reason for which we will soon discover. If we recall
the definition of a tangent product from Chapter 1, we find
that this tangent product TP is simply the set of all multilinear
functionals from V* x ... x V* — F, where V* is multiplied n
times.

2.2 Covariance

Now that we understand the concept of contravariance, it is only
natural to move on to the concept of covariance. The covariant
vector is denoted by v;, and is also called the one-form, the reason
for which will be fully uncovered in Chapter 9. The relationship
between the vector v, the covariant vector, and the dual basis e?
is shown below, similar to that of the contravariant vector:

v=uvie! = v;=v-¢€ (2.6)

Yes, we are still using the Einstein summation convention. It
is also important to note that the covariant vector may differ
in terms of the transformation matrix than the contravariant
vector; that is to say, given two contravariant vectors v’ and v/
and their associated covariant vectors v; and v;, we have that

vl = szi,vj = révi (2.7)

where o

Al # A;. (2.8)
In this case, the bar does not indicate a complex conjugate; it sim-
ply indicates a different transformation matrix. This is because
covariant vectors transform with the basis, instead of against
the basis. Although it is difficult to incorporate a geometric
argument as to how covariant vectors transform, it is important
to recall that the covariant vector is also known as the dual
vector, so one can imagine how the dual vector would transform
opposite to the vector itself, especially when you consider how
the vector and a dual vector map to a scalar, v;w® = z, by the
Einstein summation convention.
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One may wonder how the contravariant vector and covariant
vector are related, and as it turns out, there is an easy relationship
between them. However, first, we must define one important
term:

Definition 50 (Metric Tensor). The metric tensor is a bilinear
form g, : VXV — F that calculates the “distance” between two
points in space.

The metric tensor may take the form of a matrix, which
depends on the space. For example, in Minkowski geometry, the
metric tensor takes the form

-1 .0 0 0
0 100

Iw=10 010 (2:9)
0 00 1

In this case, we have the following:

Remark 6. The relationship between the metric tensor, co-
variant vector, and contravariant vector can be described like
so:

Uy = G’ (2.10)

One may use this identity to show the following;:

Theorem 20. If the indices of a contravariant vector are de-
scribed by (v0, v, v2 v3), then the indices of a covariant vector

. 0,1 ,2 .3
are described by (—v°, vt v?, v?).

The proof of this is left to the reader as an exercise.

Now consider the following. An example of a covariant vector
is actually the gradient! To see this, we consider a scalar function
f, and its derivative with respect to a coordinate system x* and
another coordinate system x”.

Theorem 21 (Chain Rule). The Chain Rule for partial deriva-
tives is stated as follows:

of _of o' 3faxiil i
Oxi Ozt Oxd - 91t OxI *azfaj (2.11)
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Did you catch the Einstein summation convention here? It’s
okay if you didn’t. This one was tricky to spot. But keep in
mind now, that the partial derivative has a subscript index. Now,
by the chain rule, we have

_Of _ Of O

0.f = oxv  Oxk Oz

= 0, f0L = ALO,f (2.12)

We see that the partial derivative therefore transforms covariantly,
and therefore the gradient must transform like so as well.

As a brief aside, we will observe the utility of the covariant
vector in applications to relativistic quantum physics. There will
be a theorem presented below, with proof:

Theorem 22 (Klein-Gordon Equation). The Klein-Gordon
FEquation is

_%(ao)ijLva = (%)Qw (2.13)

In this case, 1) represents the wavefunction of a particle (think of
it as a sort of vector), ¢ represents the speed of light, m represents
the rest mass, and h is Planck’s reduced constant.

Proof. We start with the following lemma:

2

Lemma 2. p*p,—m c? =0, where p is the momentum operator.

In this proof, we are assuming that the potential energy is
zero throughout, so the particle is free. Momentum is defined as

Py = ihd, (2.14)

Therefore, we must have that
h2
P'pu = —h*"0, = =50 + h*V? (2.15)

Definition 51 (Laplacian). The Laplacian operator on Minkowski
spacetime is defined as

B 0%f 0*f O3*f
022 0y 022

Vi =0)°f (2.16)
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Therefore, we obtain

52
—0—2(80)21/) + 12V = m2cy (2.17)
1 9 9, (mec\?
— —5@)*+ Vi =(55) v (2.18)
giving us our desired result. O

The Klein-Gordon equation is one of the most important
equations in relativistic quantum physics, as it is related to
the Schrodinger equation in that it governs the behavior of a
wavefunction (particle) over time. However, we see that the
contravariant and covariant vectors play a prominent role in the
formation of this equation, through the momentum operators.

Now that we have seen a simple application of the covariant
vector, we turn our attention to the cotangent bundle. One can
deduce that the tangent bundle is a vector space, as it contains
contravariant vectors in the tangent vectors and satisfies various
properties of the vector space. This naturally induces a dual
space, as every vector space has one, known as the cotangent
bundle. It is difficult to understand the relevance of the cotangent
bundle, but it can be thought as the set of all differentials from
the manifold M to the field I, whereas the tangent bundle is the
set of all differentials the other way around. Perhaps we should
define the differential now:

Definition 52 (Differential). The differential, also known as

the Jacobian matriz, of a function f = (f1,..., fm) is the matric
ofi ... Oufr
SR (2.19)

We see that the differential is an m X n matriz.

Therefore, we have that given a manifold M = (z1,...,z,),
the differential on T : M to F (a specific case of the broader
definition above) is

dT = (0T ... 9,T) (2.20)
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Now, let us finally discuss covariant tensors. We begin in a
similar manner to that of last section:

Remark 7. The tangent product of a dual space V*, TP(V*) =
V*® ... V*, where V* is multiplied n times, is the space of
tensors with n covariant (subscript) indices. These are called
covariant tensors.

As perhaps expected, these tensors are labeled (0,n) tensors.
And, connecting back to the previous section once more, we
may guess that the tangent product is the set of all multilinear
functionals from V x ... x V' — F, where V is multiplied n times.
Now that we have examined some special cases of tensors, it is
time to stop beating around the bush and time to start defining
the tensor in its most general form.

2.3 Tensors as Multilinear Maps

We begin, of course, by defining the tensor:

Definition 53 (Tensor). A tensor T is a multilinear map V* x
X VEXV x .. xV = F.

One would notice immediately that scalars, vectors, and dual
vectors are all tensors. Linear operators are also tensors as well,
like so:

T(v,¢) = ¢(Tv) (2.21)

In the equation above, T acts as a linear operator on v, returning
a vector Tv. Or, in index notation, we have

TH: VY — THVY (2.22)

(Make sure you remember the Einstein summation convention
here!) Notice that here, we could treat the tensor as a matrix,
or an array of numbers. This is another, less rigorous definition
that may assist the reader’s comprehension of tensors: the tensor
can (sometimes) be represented as a multidimensional array of
numbers.

Now, we define a more general object known as the variant:
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Definition 54 (Variant). A variant is some mathematical ob-
ject that can be constructed using a defined method in different
coordinate systems.

An example of the variant would be the basis, which we
can derive (literally) in various coordinate systems by taking
the derivative of position. Here is an example to demonstrate:
consider the Cartesian coordinate system (x,y, z). Taking the
partial derivatives d,, 0y, and 0, of the position vector, we obtain

am(x,y,z) = (1,0,0),8y(x,y,z) = (07170)7

0.(z,y,%2) = (0,0,1) (2.23)

Now, the point of all this is to demonstrate that the tensor is
a type of variant; specifically, it can be constructed in the way
defined above and it must transform in a specific, defined way;
it will be revealed soon how the tensor must transform.

It is fairly obvious that the set of tensors with the same indices
can be considered a vector space; I will leave it to the reader
to show this. Tensors can be added together and multiplied by
scalars, just as how scalars, vectors, and dual vectors can. To
illustrate this claim, consider how matrices of the same dimension
can be added together and multiplied by scalars.

The tensor with m contravariant indices and n covariant
indices can be represented through its components and the tensor
product of the basis and dual basis:

T=T;"""e1®..Qen®¢ ®.0" (2.24)
Notice that the tensor T always remains the same, even with
different bases; it is just the components T;;;;" that change.

Alternatively, we can write the components of a tensor as a
function of the basis and dual basis:

Tjiom = T(p's .y ™ €1, en) (2.25)
Remember that the tensor, at its core, is a function itself that
maps m dual vectors and n vectors to a scalar. This is what we
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mean by that. We can obtain an m + n dimensional array of
numbers using this formula like so:
Consider some tensor 7" with the following outputs:

T =T(p' e1) =4
Ty =T(p' e2) =3
T] =T(p', e3) = —6
TP = T(p%e1) =0
T; =T(p* e2) =5
T32 = T(SO27€3) =2
TP =T(¢%e1) = —1
T3 =T (¢ e2) =2
T?? = T(<P3,€3) =0
Then, we can construct an array T; like so:

ol

(901 P2 @3)T v?
03

4 3 —6\ [ot
:(4,01 ©2 QOg) 0 5 =2 ’1)2 (226)
-1 2 0 v3

where the components of the vector/dual vector are in the basis
implied above. Take some time to examine this equation to
ensure you understand how I created an array of numbers based
on the outputs of the tensor.

Tensors can also be created from other tensors acting on each
other; consider the following examples: we have a tensor T} and
a tensor UJ. If we “combine” the two in such a way that one
acts on the other, we obtain another tensor:

Sk =THUY (2.27)
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Again, notice the Einstein summation convention here. Tensors
can also act on tensors of different dimensions, like so:

uy =Tyv" (2.28)

Notice that when the Einstein summation convention applies to a
certain index, the index disappears. Hopefully this should make
intuitive sense to the reader. To construct a rigorous proof that
we can perform this action, we will have to wait until Section 3.2,
but let us take a look at a simple case. We consider two tensors
T'=T"e,®@¢" and U =U",e, @ p”. Then the resulting tensor
must be related to the tensor product:

TQU =THU’ e, ®e,R¢p" @7 (2.29)

However, this is not what we are looking for; not completely, at
least. We are looking for 7%,U",. And as we will soon see, by
the Einstein summation convention, we must have

> THUYen @ P =St e, @ @ (2.30)

v

for some tensor S%. Note that sometimes the indices are spaced
to show the order of the indices. This will be important especially
when we begin to raise and lower indices of tensors with multiple
indices, but for simpler tensors, it is not always necessary.

We are familiar with the metric tensor. We actually have
that on spaces with a defined metric tensor, the metric tensor
pertains to the inner product:

Definition 55 (Inner Product). The inner product between two
vectors v and w is defined as

vew = guotw” (2.31)

If the inner product vanishes, the two vectors must be or-
thogonal. Now, the norm of a vector can be defined like so:

Definition 56 (Norm). The norm of a vector v is defined as

[[v]] = gupv*v” (2.32)
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Note that, unlike in Euclidean geometry, the norm may not
always be positive-definite; that is to say, the norm might not
always be greater than or equal to zero.

To conclude our short excursion into the study of tensors, we
examine the tensor algebra; in order to define the tensor algebra,
we need to define the direct sum of vector spaces:

Definition 57 (Direct Sum). The direct sum of two abelian
groups (they have an operation that is commutative and associa-
tive and have an identity and inverse) (A, +) and (B, "), where +
and - are the defined aforementioned operations of each abelian
group, is the set A ® B where we have the elements (a1,b1),
(a2,b2) and the operation (a1 + az, by - by). If we have multiple
groups that we are summing, we can write

EBAZ- A ®...0A, (2.33)

i=1
Now we consider the tensor algebra:

Definition 58 (Tensor Algebra). Let T*V be the tensor product
of V' k times. Then, the tensor algebra T(V') of a vector space
Vs

T(V) :éT"(V) =FeVa(VeV)as.. (2.34)
=0

This is called an algebra, which is a type of mathematical
structure. In this algebra, multiplication is defined to be the
tensor product. In abstract algebra, tensor algebras will be
particularly useful, as they serve as a foundation for other math-
ematical objects, and they have applications in areas of physics
such as quantum mechanics.

In this chapter, we have finally successfully defined the tensor
and outlined some of its key properties. We will go further
in depth and we will increase the amount of rigor as we move
through chapters, but this section and the rest of this chapter
essentially serve to provide a gentler introduction to tensors
before we move onto a rigorous introduction to tensor algebra.
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2.4 Coordinate Transformation Laws

Consider two bases on some vector space, e; and e;;. By the
vector transformation rules, we have that

€y = Azlej (235)
Furthermore, we have that
€; = A?lek/ (236)

Therefore, we can say that the relationship between two basis
vectors in the same basis is

ey = A,AY ey (2.37)
However, we know that
eir = 0eyr + 0eor + ... + ey + ... + Oeyyr (2.38)
Therefore, we can say that
ey = (5;@//6;6/ (2.39)

(Recall the Einstein summation convention, once again.) In this
case, 0; is, as you may remember, the Kronecker delta.
Meanwhile, dual vectors transform in a similar yet slightly
different way:
@ =A@ (2.40)

and therefore
o =850 (2.41)

It really is just a matter of balancing the indices, and luckily
for us, a thoughtful application of common sense goes a long
way in manipulating these indices, not just with this particular
application but as we continue throughout our study of tensors.

We are aware of how vectors transform. But how do tensors

transform? We have a tensor 7" with components 7"/ . =
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T(¢, ..., ™, e1,...,e,). Let us examine how these components
transform, by exploiting the fact that the tensor is multilinear:

/

Til.“;i'.-]n - T(SD 5 -~7%0m , €17, "'7677/) (242)

=T(AY o' AT O Aer, o ATe,)  (2.43)

= Azl . AZ::A“ A;’,”’T((pl, vy @ €1, ) (2.44)
_ AT J Jn it im
= Al A A AT (2.45)

We have discovered that tensors transform in what is perhaps the
expected way based on how vectors and dual vectors transform,
via the following relationship:

T = ARLA AT AT T (2.46)

J1-+Jn 11 im g Vs J1---Jn

We can similarly derive the tensor transformation properties
using tensor products. Recall that a tensor T' can be defined as
follows:

T = T;ll J’mel® Rem®p' ®..® " (2.47)

=T (A 1) © .. @ (AT e) @ (AL ') ® .. ® (AL ™)

(2.48)

= T]’f;;" A Azz Aj} ...Agf 1R Qe P ®...00" (2.49)
Tl_ 161’® . ® ey ®Q0 ® ®§0 (250)

= T 1 e = T}j.'_'_']’,ZLA;...Ai;jAﬁ...A;Z (2.51)

We recall the definition of a differential. We find that, as it
turns out, vectors and tensors transform exactly according to
the differential:

-/ a .
v = ;;l vl (2.52)
gt Oat Oa'n 0nh 0w i, (2.53)

J1In Oxh Oxim 81"71 am.];l J1---In
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Proof. We recall that a tensor is a multilinear map T : V* x
X V*XV x..xV = TF. On a point p of a manifold, the
vector space must be the tangent space, and the dual space must
therefore be the cotangent space:

T:TyM x .. x TyM x T,M x ... x T,M —F (2.54)

In order to understand what the bases for each of the spaces we
are dealing with are, we suppose several remarks that will be left
to the reader to intuit:

Remark 8. The basis of the tangent space of a manifold is the
set 22 = 0.
8x1, 1

Remark 9. The basis of the cotangent space of a manifold is
the set of differentials dx*.

We will have to leave a more rigorous justification for this to
Part 2, on tensor calculus. That being said, it is easy to see how
both transform according to the Jacobian:

i i
- %@,dwi - g”; —da’ (2.55)

82’/

Factoring the property of multilinearity of tensors into the proof
gives us the desired result. O

For practice, let us consider one simple contrived example.
We consider a change of coordinates with Jacobian matrix

81/551 82/:E1 . 1 2
(82/5(11 62/.%‘2 o 3 4 (256)
Consider the tensor
T, = (;) (2.57)

Ty = (Opa)Ty + (Orah) Ty = 1(1) +2(2) =5 (2.58)

Then

Ty = (D' )Ty + (9pa®)To = 3(1) +4(2) = 11 (2.59)
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Therefore, we have that

T, = (151> (2.60)

It can sometimes be difficult to understand how to apply coor-
dinate transformations in practice, so some exercises provided
in 2.8 should assist in that regard. For the physicist or engi-
neer, computations like that will be of great importance; for the
mathematician, a greater emphasis will be placed on abstraction,
which we will find plenty of in the coming chapters.

2.5 Tensor Rank

Terminology in tensor algebra can be rather complicated. For
instance, the term “tensor rank” refers to two different objects,
one straightforward, one less so. It is important to understand
when a source is talking about one or the other, and what each
means, so I shall define both in this section.

The first definition of tensor rank is easy to understand.
Given a tensor with indices i1, ..., ¢m, j1, --+; Jn, the tensor rank
is simply the number of total indices that the tensor in question
has:

Definition 59 (Tensor Rank (1)). The tensor rank, also known
as the order, of a tensor T;! "™ is the number m-+n, or the total
number of indices that the tensor contains, both contravariant

and covariant.

For example, a scalar has a rank 0; vectors and dual vectors
have rank 1; various matrices, bilinear functionals, and linear
operators have rank 2; and so on. Finding the rank of a tensor
in this context is a rather trivial exercise, and boils down simply
to counting indices.

However, there exists another definition of the rank, which
is more complicated. Recall the tensor product. We consider
a specific example of the tensor product, known as the outer
product of two vectors:
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Definition 60 (Outer Product). The outer product of two vec-
tors (ul,...,u*) and (v, ...,v7) is the resulting matriz from the

components of both vectors:

wol o wlo?

UR U= E '.‘ E (2.61)
umol L u™™

Theorem 23. The outer product is a specific example of the
tensor product for two vectors.

Proof. We need to show that there exists a bilinear map U xV —
T, where w e U, v € V,and u®v € T. To do this, we show the
map has all bilinear properties. We consider that

(ut +wh)ot o (ur +wh)on
(u+w)@v= : : (2.62)
(u™ +w™t L (U™ ™)™
T VAL wlol o wlo?
= : : + : : (2.63)
u™ovl u™o" w™t L w™"
=u®UV+wRv (2.64)

We can repeat a similar process for the second argument. Then,
given a € F we have

avlvt ... aulo”

au @ v = =u® av (2.65)

m,,n

au™vl .. au™v

Based on the fact that the outer product follows the afore-
mentioned map follows the bilinear properties, the map must
therefore be bilinear, and by the definition of a tensor product,
the outer product u ® v is an example of a tensor product. [l

Before we define the second definition of a tensor rank, we
consider the rank of a matrix A%.
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Remark 10. A matriz is considered to have rank one if it can
be written as the outer product of two vectors:

AT =t @07 (2.66)

For instance, we consider the matrix

()e(5) - (o 8) (2.67)

This matrix clearly has rank one. Now we shall define the rank
of a matrix:

Definition 61 (Matrix Rank). The rank of a matrixz is the
number of outer products that must be summed to obtain the
matriz; that is, given a matriz

AV =y @07t + L+ uth @ oln (2.68)
then the matriz AY has rank n.

Note that this is equivalent to the definition of matrix rank as
the maximum number of linearly independent columns or rows
of the matrix. We clearly see that the matrix

(150 2) (2.69)

has a maximum of one linearly independent column. Hence, the
rank is one. The proof of these definitions being equivalent will
be left to the reader if they would find it satisfactory to prove
such a claim.

Given this, we can generalize:

Definition 62 (Tensor Rank (2)). The tensor rank of a tensor

Tﬁ;z‘ is the number of outer/tensor products that must be
summed in order to obtain the tensor; that is, given a matric
1) (2)

T1m

T;llj“: = vfﬁ ® .. QU @ @) ® .. ;) + ...
ip ipm 1 2
o ® . Qv Ol © .. @l (2.70)

Then the tensor has rank p. Note that we have p terms in this
expression, each term containing the tensor product of m vectors
and n dual vectors.
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Note that, in order for the tensor to have order m + n, there
must be m vectors and n dual vectors in each outer/tensor
product.

When it comes to the differing definitions of rank, the reader
will surely encounter both types of rank in future studies re-
garding tensors. In more mathematical contexts, you may see
the second definition of rank more often, and the study of the
decomposition of tensors by rank is an area of research that may
be of interest to some readers. This topic will be covered in
greater detail in Chapter 4.

2.6 Tensor Type

The reader will find that the tensor type conceptually is more
straightforward than that of the tensor rank. We define tensor
type as follows:

Definition 63 (Tensor Type). The type of a tensor with m
contravariant indices and n covariant indices is (m,n).

We examine the following tensors as examples. Consider the
scalar a. Since the scalar has neither a contravariant index nor a
covariant index, we say that the scalar is a tensor of type (0,0).

The vector v* appears to have one contravariant index, yet
no covariant indices. Therefore, the vector must be a tensor of
type (1,0).

The dual vector, or linear functional, ¢;, has one covariant
index and no contravariant indices. Therefore, this mathematical
object is a tensor of type (0,1).

With matrices, it is not often clear at first glance what type
the tensor in question is. It could be either (2,0), (1,1), or (0,2).
For example, many matrices that are equivalent to bilinear forms
are of type (0,2), since they transform covariantly by virtue of
taking in two vectors and outputting a scalar.
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Consider the metric tensor, g,,, where

-1 0 0 O
0 1.0 0
0 0 01

This matrix appears to be a (0,2) tensor by a quick examination
of the indices. However, the matrix associated with the Kronecker
delta function,
1 00
si=10 10
0 0 1
is a (1,1) tensor, due to the fact that it has one contravariant
index and one covariant index. The point is, when dealing with
matrices, there is no one set tensor type that all matrices have,
unlike vectors, dual vectors, and scalars; we have to examine the
indices instead.

(2.72)

Theorem 24. The tensor product of two tensors TZ1 z'L” and

Ul]jllfp is a tensor of type (m + p,n + q).
Proof. We have that

TRU =T iU e, ® .. @ei, ®ex, ® .. e,

R ®...®g0j“' Qe ®...® gl (2.73)
_ Qi1 tme ] in+q
=5, 0re ®..Q€,,, ¢ ®..Q " (2.74)
which appears to be a tensor of type (m + p,n + q). O

The words order, type, and rank are all often interchanged
in literature concerning tensors, and it is unfortunate that such
terms are so nebulous when it comes to identifying key properties
of tensors. However, for the purposes of this book, we will refer
to “order” as the number of indices the tensor has, “rank” as the
natural extension of matrix rank, and “type” as the numbers in
parentheses identifying the number of contravariant and covariant
indices. Just bear in mind that these terms may vary from
textbook to textbook, and from paper to paper.
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2.7 Examples of Tensors

To supplement our rudimentary understanding of tensors thus
far, let us consider some basic examples of tensors. We are
already familiar with the metric tensor. In Minkowski geometry,
we have that the metric tensor in matrix form is

-1 0 0 O
0 1 00

Guv = 0 0 1 0 (2.75)
0 0 0 1

This corresponds with the distance formula in Minkowski space-
time,
ds® = —dt?* + da* + dy* + dz* (2.76)

through the relation

ds? = g, datdz” (2.77)
-1 0 0 O dt

=@t de dy d)| 0 o0 0 fl”y” (2.78)
0 0 0 1 dz

In Euclidean space, the metric tensor can be described as follows:

1 00
gi=10 10 (2.79)
00 1
such that
- 1 0 0\ [dz
gijdid’ = (dz dy dz) [0 1 0] [dy (2.80)
0 0 1/ \dz
= da? + dy? + d2? = ds? (2.81)

We have successfully recovered the distance formula in Euclidean
space through the metric tensor. The metric tensor is clearly a
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(0,2) tensor, as it is a bilinear form (and it must be in order for
the Einstein summation convention to work out).

Now, we consider the Kronecker delta. The Kronecker delta,
as we have defined before, is (5; =1 when i = j, and (5; = 0 when
i # j. It is easy to show that this corresponds to the identity
matrix

10 .. 0

A U B

S P (2.82)
00 .. 1

We move on to the Levi-Civita symbol, where we must first
define the concept of even and odd permutations:

Definition 64 (Even and Odd Permutations). Given some
(T1,...,p), a permutation of (x1,...,2T,) is considered even if
you can arrange it by swapping adjacent indices an even number
of times, and a permutation is considered odd if you can arrange
it by swapping adjacent indices an odd number of times.

With that in mind, let us define the Levi-Civita symbol:

Definition 65 (Levi-Civita Symbol). The Levi-Civita symbol is
defined as

1 (i1, . in) s an even permutation of (1,...,n)
€iroin = —1 (i1, ...,in) 98 an odd permutation of (1,...,n)
0 else
(2.83)

The Levi-Civita symbol can be defined as follows:
€it.iy — 6(€i1, ceey 61‘") (284)

where e;,, ..., e;, is the standard basis for F". So in two dimen-
sions, the Levi-Civita symbol would be

& = <_01 (1)) (2.85)
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We turn once again to quantum mechanics. If you have studied
quantum mechanics before, you are well aware that linear op-
erators play a key role in this specific discipline. We have, in
fact, defined linear operators as (1,1) tensors. H is often used
for quantum mechanics operators because many operators in
quantum mechanics are Hermitian.

Definition 66 (Hermitian Operator). A Hermitian operator is a
linear operator where the matriz is equal to its complex conjugate
transpose (the Hermitian conjugate); that is,

H=H' (2.86)
An example of a Hermitian operator would be

1 140 24
H=|1-i 2 1+2 (2.87)
2-i 1-2 3

Therefore, we consider the tensor H}. We have defined T} =
T(¢% ej). Therefore,

Hy = H(¢' ¢;) = ¢'H(e;) (2.88)
We must define Dirac notation:

Definition 67 (Dirac Notation). In Dirac notation, a vector is
denoted |a), and a dual vector is denoted (B|. The inner product
between two vectors |a) and |B) is (B|c).

Therefore, .
¢ H(e;) = (e;|Hles) (2.89)

It is easy to see that tensors are critical to understanding quantum
mechanics at an advanced level, and we will explore some of the
applications of tensor analysis to quantum physics in greater
detail later in the book.

We examine the moment of inertia tensor, which is defined
as follows: the moment of inertia tensor is a bilinear form that,
when we input the angular velocity vector in both arguments, we
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obtain twice the total kinetic energy of the system. Additionally,
the moment of inertia tensor with a raised index (that is, a
linear operator) takes the angular velocity vector and outputs
the angular momentum.

Definition 68 (Moment of Inertia Tensor). The moment of
inertia tensor I;; satisfies the following two properties:

1 o
5 li(w'w’) = KE (2.90)

L' = [’ (2.91)
Perhaps a more detailed description would be as follows:

Remark 11. The (2,0) moment of inertia tensor is written as
follows:

Ly = Zmz (giiriri(sjk — 1) (2.92)

?

where r* is the position vector and m; is the mass of particle
i. Note that we are summing over all particles to capture the
moment of inertia for the whole system.

Let us find I, and I,,. We have that

K2 ?

= > mily? + 22) (294)

Then

)

I, = Zmi(giiririémy - rajry) = Zmi(_xiyi) (2~95)

= — Zmixiyi (296)

We see how we are able to recover many of the standard results
from classical physics using basic properties of tensors.
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As it turns out, tensors are not only used in mechanics but
also in the study of electromagnetism as well; for example, the
scalar electric potential ® of a charge distribution given a position
r® can be written as

iy = (20 @0 1@

=&\ T EE T e
3) /i . .k
1 Q”k(’r 77‘]7T )
— . 2.97
5 e (2.97)

Definition 69 (Multipole Moments). The multipole moments of

a charge distribution are the tensors Q(®), QZ(-I), Ql(?),..., where
these tensors in a Taylor series can add up to the scalar electric

potential.

Another example of a tensor in electrodynamics would be
the Maxwell stress tensor, which is defined as follows:

Definition 70 (Maxwell Stress Tensor). The Mazwell stress
tensor of an electromagnetic field is

1 o o
ﬂj - Ez X Ej + Bz X Bj - i(gijElEj + gijBlBj)éij (298)
where E is the electric field, B is the magnetic field, and d;; is
the Kronecker delta with one lowered index (we will explore what
that means later in Chapter 3). Note that in this expression, €y
and po are all set to 1.

We have already seen the electromagnetic field tensor before,
and we have that a result of the electromagnetic field tensor is

Theorem 25 (Lorentz Force Law). If p* is the four-momentum
(momentum in four dimensions) of a particle, and T is the proper
time (the amount of time observed by the object itself), q is the
charge of a particle and v¥ is its four-velocity, then

dpt
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This is analogous to the classical Lorentz force law:
F' = q(B" + ;0" B¥) (2.100)

Now we consider some fourth-order tensors, where order
denotes the number of indices present. We specifically consider
tensors of the form T#?,,, which is a linear map between second-
order tensors such as S*,,.

Definition 71 (Identity Tensor). The fourth-order identity ten-
sor JHP o is defined as follows; for every tensor T ,, we have

L L (2.101)

It is clear that
JHP o = 0H, 07, (2.102)

We also have a transposition tensor,

Definition 72 (Transposition Tensor). The transposition tensor
XHP 5 is a fourth-order tensor where, for every T, we have

XFP,, T, =T", (2.103)

We must have
XHP, . = 61,07, (2.104)

We have seen many different examples of tensors in this section.
Now, it is time to move onto a rigorous examination of some of
the algebraic properties of these tensors.

2.8 Exercises

Exercise 1: The distance formula for Minkowski geometry is
ds? = —dt? + dx?® + dy® + dz?>. Why might the dt? term be
negative?

Exercise 2: Consider the contravariant vector (2,3). Find (a)
the rotation matrix and (b) the resulting vector if the basis is
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rotated by (a) 90 degrees, (b) 180 degrees, (c) 270 degrees, (d)
360 degrees, (e) 45 degrees.

Exercise 3: In your own words, restate why the contravariant
vector is named that way.

Exercise 4: Construct an example of a bilinear form and
contravariant tensor ¢t : V* x V* — R, where t € V ® V.
Can you do the same for a multilinear contravariant tensor
t:V*xV*xV* 5>Rwherete VVeV?

Exercise 5: Prove that if the indices of a contravariant vector
are (v0, v v?,0?), then the indices of a covariant vector are

(=00, vt 02 v3).

Exercise 6: We discussed how the gradient J,, is a covariant
tensor. What would a theoretical contravariant gradient, 0",
look like? Describe in great detail.

Exercise 7: Consider the metric tensor in Minkowski spacetime.
Given a vector v* = (1,4,7, —2), what is the covector v,,?

Exercise 8: The metric tensor g,, can be thought of as the
inner product (e, e,). Use this to justify why the metric tensor
is able to “lower the index” of a vector.

Exercise 9: Show that the set of all tensors of type (m,n) forms
a vector space.

Exercise 10: Is the Jacobian matrix/differential a variant? Why
or why not?
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Exercise 11: Construct a matrix from a tensor in a similar
manner as in section 2.3. Feel free to make up your own values
for the tensor.

Exercise 12: Write what could potentially be the tensor result-

ing from the following expressions:
(a) THU,.

T ap
d) T 5P

Exercise 13: Find the tensor algebra on R™ over R. State what
this object means intuitively.

Exercise 14: Consider the Cartesian coordinates (x,y, z) and
a vector v'. Consider a rotation about the z-axis 6 degrees
counterclockwise. Find v* .

Exercise 15: Complete the proof that vectors and tensors
transform exactly according to the differential after the step that
the bases of the tangent space and cotangent space transform
according to the Jacobian.

Exercise 16: Consider a basis e; such that e;v = e; and
ey = 2es. What will happen to the components of any given
covariant tensor?

Exercise 17: Attempt to find the components of the vector
(0,1) in polar coordinates by utilizing the Jacobian matrix

87«% agx
2.105
What happened? Explain.
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Exercise 18: Find the outer product of the vectors (2,5, 7) and
(3,0,—2).

Exercise 19: Find the rank of the following matrix:

1 2 0 4
A = g g _32 Z (2.106)
2 5 9 10

Argue that, given a matrix A € F™", the rank cannot exceed m
and cannot exceed n.

Exercise 20: Find the tensor rank (as in order) of the following
tensors:

Exercise 21: Construct the general form of a tensor with 3
covariant indices and 2 contravariant indices of rank 3.

Exercise 22: Write what a (6,7) tensor might look like in index
notation. Describe what this tensor looks like as a multilinear
map, and as an array of numbers.

Exercise 23: What type of tensor would a trilinear form V' x
V xV — F be? Explain.

Exercise 24: Prove that the type of a tensor does not have any
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bearing on the rank of a tensor (that is, the rank is not bound
by the type to a specific set of numbers).

Exercise 25: Find the type of the outer product of a 3-
dimensional vector and a 5-dimensional dual vector.

Exercise 26: You will learn this later, but the metric tensor
can “lower” the index of a tensor like so: g,,v” = v,. There
also exists an inverse metric g*¥ that can “raise” the index of a
tensor in the expected manner. Prove that gf = 6.

Exercise 27: Show that this definition of the Levi-Civita symbol
€(v(1), v2), v(3)) = (V1) X V(2)) - v(3) has all the properties of the
Levi-Civita symbol defined in Section 2.7. Check that this
definition is multilinear.

Exercise 28: Show that the relativistic Lorentz force law using
tensor indices is analogous to the classical Lorentz force law.

Exercise 29: Show how the Levi-Civita symbol can be used
to obtain the volume of a parallelpiped defined by three vectors
U, U, W.

Challenge 1: We are familiar with Minkowski geometry.

(a) Prove that Minkowski space is not a metric space, de-
spite it having a metric tensor. (This shows how mathematical
language can sometimes be ambiguous and misleading.)

(b) We define a pseudometric space as the following:

Definition 73 (Pseudometric Space). A pseudometric space is
a set X with a distance function d : X x X — R that satisfies
the following properties:

d(z,y) >0 (2.107)
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d(z,x) =0 (2.108)
d(z,z) < d(z,y) + d(y, 2) (2.110)

Now, note that the main difference between a metric space and a
pseudometric space is that for a metric space, d(z,y) = 0 implies
that © = y. This is not the case for a pseudometric space.

Is Minkowski space a pseudometric space? If not, can you think
of a pseudometric space that is not a metric space?
(c) Consider the quantity ds?. What happens if ds? < 07
What if ds? > 0? What if ds?> = 0? Elaborate in great detail.
(d) Consider the n + 1-dimensional Minkowski space ds* =
—dz3 + >, da?. We define:

Definition 74 (De Sitter Space). The n-dimensional de Sitter
space of n+ 1-dimensional Minkowski geometry is the hyperboloid
of one sheet

—zf+ Y af=d (2.111)
=1

Given that the metric is induced from Minkowski geometry, why
must the induced metric be positive-definite, unlike in Minkowski
geometry?

Challenge 2: We consider the Klein-Gordon equation.

Definition 75 (Wave Operator). The wave operator O is equal
to

0= c%(ao)%z; — V%) (2.112)

(a) Show that the generalized version of the Klein-Gordon
equation with a potential V() is equal to
ov
O — =0 2.113
v 3 (2113)
(b) The Klein-Gordon equation is invariant under the trans-
formations

P(x) — eww(x) (2.114)
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P(x) — e () (2.115)
Invoke Noether’s theorem to prove that there is a corresponding
current to this symmetry; what is this current? Show all work.

(c) Derive the Klein-Gordon equation using the Lagrangian
action

S= /(—th“”aﬂauw — M2Egp)dtx (2.116)

(d) Discuss the relationship between the Klein-Gordon equa-
tion and the Schrodinger equation. When might the Klein-
Gordon equation be used? When would it be more useful to use
the Schrodinger equation?

Challenge 3: Let V be a finite-dimensional real vector space.
We explore the tensor algebra of V' and several structures that
arise from it.

(a) Show that T'(V) is a graded algebra:

Definition 76 (Graded Algebra). A graded algebra T™(V) is
an algebra with identity satisfying

T'(V)T? (V) C T (V)
foralli,j > 0.

(b) Prove that T'(V') satisfies the following property, based
on this definition:

Definition 77 (Algebra Homomorphism). A linear map ¢ : V —
A into an associative algebra A is said to extend to an algebra
homomorphism if there exists a unique algebra homomorphism
T:T(V) = A whose restriction to V equals ¢.

For every associative algebra A and every linear map ¢ : V — A,
there exists a unique algebra homomorphism

¢:T(V)— A

such that $|V = ¢.
(c) Prove that I is a two-sided ideal of T'(V).
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Definition 78 (Two-Sided Ideal). A subset I CT(V) is called
a two-sided ideal if T(V)I C I and IT(V) C I. Let I be the
ideal generated by all elements of the form

URUV— VR u, u,v € V.

(d) Show that S(V) is a commutative algebra, meaning ab =
ba for all a,b € S(V).

Definition 79 (Symmetric Algebra). The symmetric algebra of
V' is the quotient algebra

S(V)=1T(V)/I.
(e) Let J be the ideal generated by all elements of the form
v®uv,v e V.

Prove that J is a two-sided ideal.
(f) Show that the multiplication induced on A(V) satisfies

vAv =0, VAW =—wAv

for all v,w € V. (Here v A w denotes the class of v ® w in the
quotient.)

Definition 80 (Exterior Algebra). The exterior algebra of V is
the quotient

Challenge 4: We now consider the moment of inertia tensor.

(a) Explain what each component of the moment of inertia
tensor entails physically; that is, what does I, mean? What
about I,,?

(b) Program a simulation where, based on a given system
of particles with mass m; and position vector (z;,y;, z;), we can
find the moment of inertia.

(c) Use this simulation to approximate the moment of inertia
of a rod of length L, a sphere of radius r, and a cone of radius r
and height h. Assume density is constant.
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CHAPTER 3

Tensor Algebra

3.1 Tensor Product

We have already seen the tensor product before. By this point,
we should have a conceptual understanding of what exactly
the tensor product means. But now, it is time to examine the
tensor product with greater rigor and abstraction. Some of these
definitions might not be intuitively imaginable, but they still
nevertheless make sense logically, so bear this in mind as we
examine the many definitions of the tensor product.

Definition 81 (Tensor Product (1)). The tensor product of a
tensor S of order m+n and a tensor T of order p+q is a tensor
of order m+n+p+q:

Silmimjl‘..jn ® Til...ipjlqu — (S ® T)il...ierpjlmjnJrq (31)

Consider how the tensor is a map from the Cartesian product
of vector and dual spaces to a scalar. That means that the images
of tensors can be multiplied by each other; this is precisely what
the tensor product is as well. We state the definition for two
covariant tensors; this definition can easily be extended to mixed
and contravariant tensors as well.

Definition 82 (Tensor Product (2)). The tensor product of two
tensors S and T can also be defined as follows: the tensor product
of two covariant tensors of order k and order l is as follows:

(S X T)(’U17 ~~~7vk+l) = S(’Ul, ...,Uk) . T(’Uk+1, "'7Uk:+l) (32)

In this case, subscripts do not indicate covariance, but rather
indicate the identity of each vector.

79
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This next definition can be rather abstract, but if you are
familiar with algebra at the undergraduate level, this should be
relatively accessible. The idea behind this definition of the tensor
product is that we want to preserve some sort of multilinearity
and nothing more. Therefore, we construct a multilinear map,
which can be comprised of a map between the Cartesian product
and the tensor product, and a map from the tensor product to
the range. This is a natural extension of definition 32, if you
would like to look back and recall.

Definition 83 (Tensor Product (3)). Consider the multilin-
ear map [ : Vi x ... xV, — W. There must be some linear
transformation 7 : V1 ® ... @ V, — W such that

f=T1ot (3.3)

We call 7 a mediating morphism for f, and t is known as the
tensor map. This definition is not used often for our purposes,
and generally is used in algebra where maps between spaces like
such are more important when defining tensors.

Perhaps it might seem intuitively obvious that if S and T
are tensors, then S ® T must be a tensor, but we will prove this
rigorously. We exploit the fact that tensors transform a certain
way, and from there, it is a matter of simple manipulations of
transformations.

Theorem 26. If S and T are tensors, then S @ T transforms
like o tensor.

Proof. We have that

(S® T)ill'“iinﬂzj/

!
1 Intq

g VY,
— Sll...zmjimj; ®T11...7,pj/ i (34)

1Jq

VY g
We transform each of S*t*m ., ., and T"r ., .
Jiedn Ji---dg

./ ./ . . .’ -/ . .
_ AU Um AJ1 Jn Qi1etm | (31 p AJL Jariy..ip
= AL A AT AT St AR AP AT AT

Jq Ji---Ja
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We arrange the transformation operators so that they are all in
the front of the expression:

AT A AT AFn AT AP AL AT G 1

= A&...AimAi...AﬂLAii...Ai:AJé...AjZS“ g T 5
(3.6)

And finally, we notice that S**m; . @T""%; ; =(S®

T) LR T

1~~jn+'~1
(3.7)
O

-7 -/ . . S/ i’ . .
_ AU Ym AJ1 In A1 p A J1 Ja i1 Tmtp |
= AL AT AAR AV AT (S © T) )

Now let us look at some of the fundamental properties of
the tensor product. For instance, the tensor product is not
commutative. We will not prove this rigorously, but we will
argue why. Examine the remark below. We see that, although
scalars do commute by multiplication, we have different inputs
for different tensors in different arrangements. Therefore, the
tensor product cannot be commutative.

Remark 12. The tensor product is non-commutative; that is,
ST #T ®S. This can be shown by simply considering how,
in the case of two covariant tensors, (S ® T)(V1, ..oy Vman) =
S(V1y ooy V) T (Vm41y s Umtn ), Whereas (T®@S)(v1, ..., Umpn) =
T(v1,..e,0n) * S(Wnt1y ey Untm). These expressions are by no
means equivalent.

We now shift our attention to some very simple properties of
tensors. The proofs may look intimidating, but do not get lost
in the apparent complexity of the expressions; the arguments
behind the proofs are rather simple. We shall now present the
properties of the tensor product as well as their proofs in full:

Theorem 27. We have that, for all tensors S1,S2,T of appro-
priate dimension,

(51+52)®T251®T+52®T (3.8)
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Proof. We have
((S14+52) @T)(P1, -oes Prmtns V1 -ovs Vptq) (3.9)

- (Sl + SQ)(QD:[, ey Py U1y eeey Up)
.T((pm+17 oy Pmtn, Up+1, -~-a7}p+q) (310)
= Sl(sola cory Pmy U1,y "°7Up) : T(QDm+1, eeey Som+nvvp+17 "‘7vp+q)

+52(015 0, Prmy V15 ooy Up) = T(@Prmt1s oos @ty Uptls oo Uptg)

(3.11)

- (Sl ® T)(sph ey Pmdns ULy ooy Up+q)
F(S2 @ T) (01, ooy Pontns V1 -vs Uptq) (3.12)
O

Theorem 28. We have that, for all tensors S,T1,T> of appro-
priate dimension,

SM+T)=5ST1 +5ST, (3.13)
Proof. We have
(S® (Tl +T2))(<p1,...,<pm+n,v1,...,vp+q) (314)

= S((pl, cery Pmy U1, ...,’Up)
(Tl —+ T2)(@77L+17 ceey @m-{—nvvp—i-h ~-~7Up+q) (315)
= S(@h vy Py ULy eeey Up) : Tl(gpm-‘rlv cooy Pm4ns Up+1, "'7Up+q)

+S(§01a vy Pmy U1, "'7Up) : TQ(SDWVH.’ vy Pmdn, Uptly ooy Up+q>

(3.16)

= (S ® Tl)(QOl, <oy Pm4n, V1, ~-~7vp+q)
(SO TP Pt Vs tpra)  (317)
O

Theorem 29. We have that, for all tensors S, T of appropriate
dimension and every A € F,

A\S)®T =S58 (A\T) = NS ®T) (3.18)
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Proof. We have

((AS)®T)(9017~~-a90m+nav1;-~'7vp+q) (319)
= ()\S)(Qph coey Pmy U1, "'avp) . T(@m'f'lv ooy Pmtns Up+1s ~-~7'Up+q)
(3.20)
= S(AP1, s @y V1, oy Up) - T (@t 1s oo, @t Upt1s oo, Uptq)
(3.21)
= (SQT)( AP1s s Prntn, Ul ey Uptgq) (3.22)
=AMS®T) (1, s Pmtn, V1, - Uptq) (3.23)
= (S ® T)(‘)Ola ey )‘SDeranlv "7vp+q) (324)
= S(@1, s @my V1, ooy Up) - T(@mt1s ooy AP, Upt1s oo, Uptq)
(3.25)
= S(@1y s P> V15 ooy Up) - (AT (@t 1s ooy Prntns Uptbls oo Uptg)
(3.26)
= (S @ (AT)) (@15 -+ Pratns V15 s Upiq) (3.27)
O
Theorem 30. We have
(SeT)eU =S (TeU) (3.28)
Proof. We have
(S®OT)@U)(P1, s Pitjths V1, oo Uptgtr) (3.29)

= (S(@1y s ir V1503 Up) - T(Pig1s o0y Pitjs Upt1s ooy Uptq))
U(Qitj+1; s Pitjth Upta+1s s Vptatr) (3.30)

= S(@1, s 0, U1, o3 Up) - T(@ig1y ooy Pidjs Uptls ooy Uptg)
U(@itjit1s s Pitjths Uptat1s o Uptqtr) (3.31)

= S(@1, 030, V1, ooy Up) - (T(Qit1y oes Pidjis Upt1s -vs Uptq)
U(Pitjt1s - Pitjths Up+q+1s s Uptgtr)) (3.32)
(S ® (T OV (P1r o Grsgohr 0 s pigsr)  (3:33)
O
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Finally, we end with a theorem from Spivak’s Calculus on
Manifolds regarding the tensor product. This proof is abstract,
so I will add commentary throughout explaining what we are
trying to show in each step.

Theorem 31. If we have a basis eq, wnln €V, and a dual basis
P15, € V™ such that pi(ej) = &}, then the set of tensor
products k times

(ph@...@@ik, 1Si1,...,ik§n

is a basis for the tensor product V¥ =V @ ... ® V, which must

have dimension n®.

Proof. We have that, recalling the definition of the tensor product
as well as the fact that o;(e;) = &7,

(i @ oo @ 03, ) (€4, s €5,) = B2 ..02E (3.34)

Let vq,...,vx € V where v; = Z?Zl azje; and T' € V¥, Then,
considering the multilinearity of the tensor, we must therefore
have

n

T(vl,...,vk) = Z aljl...akjkT(ejl,...,ejk) (335)

J1s--dk=1
The arguments ay,, ..., ag;, can be equated to the tensor product
Vi, ® ... ® i, (v1, ..., v,) through the fact that ¢;, (v;) = aji,-
Therefore, we can write

n

= Z T(€iyy-er€if) (9iy @ ... ® 03, ) (v1, .y vg)  (3.36)

i1yein=1

Counsider the fact that we can write every tensor in the tensor
space as a linear combination of ¢;, ® ... ® ¢;,. Then, by the
definition of span, it is clear that ¢;, ® ... ® ¢;, spans V*. Now
if we have some numbers a;,, ..., a;, such that

n

Z Agy e Ay, ((pll ®..Q (plk) =0 (337)

01,050 =1
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Then we have, by considering the effect of this tensor on the
basis e;,, ..., €,

n

Z ail...aik(apil ®...®<pik)(ej1,...,ejk) =0 (338)

i1yeeyip=1
which must imply that a;, = ... = a;, = 0 if this must be
true for all inputs. Therefore, ¢;;, ® ... ® p;, must be linearly
independent. O

3.2 Contraction

You should already be familiar with the Einstein summation
convention; one “upstairs” index and one “downstairs” index of
the same type indicates that we sum over said index. However,
you may be wondering why this is the case. To answer this
question sufficiently, we introduce a new operation, known as
contraction, which explains exactly what happens when we sum
over a contravariant index and a covariant index as in the Einstein
summation convention.

Definition 84 (Contraction). Contraction is an operation on
a tensor with at least two indices, one contravariant and one
covariant, where for some index i, and another index j,, where
1<p<mand1 < q<n, we have i, = jq, and so

i1.dpedm o pitedp_1ipg1edm .
T ’ m]lmlpwﬂn =T P mJl-»-Jq—qu+1~-Jn (3‘39)

In other words, the contraction of an (m,n) tensor gives an (m—
1,n — 1) tensor. Recall that the Einstein summation convention
holds here. We generally use the same symbol for contraction;
that is, Tfj =T}, this may be slightly confusing at times but it is
notation that the reader may have to acquaint themselves with.

We have already stated that the contraction of a given tensor
is also a tensor, but let us prove this statement. It comes down to
a simple application of the transformation matrices of tensors; it
suffices to show that the contracted tensor transforms in exactly
the same way a tensor of the same type would.
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Theorem 32. The contraction of a tensor T 'm; . is a
tensor.

Proof.

-/ ’

Y -/ ) .
TZl...Zp711p+1...Zm . ., = TZl...'Lp..A’LTn . ., . (3.40)

]1"'j;_1j;+1"']n J1+2pdn

m

. -/ . 3 . .
—_ AU 'p Tm AJ1 Ja Jnir..dp...im ) .
= A AT A Aji...A%...Aj;T Jredaedn  (3.41)
-/ . -/ -/ . .
_ p AJa 31 Tm AJ1 Jnrrig .. dp..im . .
= (AipAi;)Ail"'AimAji'“Aj;LT 1eGgeerdn (3.42)
. -/ -/ . .
_ Sla a1 Tm AJ1 In it dp..dm . .
= 0;" ;) '“AimAj;“'Aj;LT 1 eeGgemin (3.43)
Note that when i, = j,, then 63; =1, so we have

AjLLAGT Aﬁ ATt (3.44)

Levipeeiin

- -/ . .
_ 31 ? J1 In it dbp—1lp41..-bm | . . )
= AT N Tt (3.45)

It is clear then that the contraction of a tensor transforms like a
tensor. O

We consider a mixed tensor T : V x V* — F. Then, we note
a specific type of contraction known as the trace. Those who are
familiar with matrices might recall the trace of a matrix as the
sum of all of its diagonal elements; that is, Z;L:l ai;, where a;;
is an element of the matrix of row ¢ and column j. Then, we
define the trace from a tensor perspective as follows:

Definition 85 (Trace). Given a mized tensor Tj, the trace
tr(iyj)Tj is the contraction of the tensor T¢ = T.
Let us have a tensor Tt--im; . and another tensor

S“”*l“"m*’*‘jnﬂ_.qu.i.jnﬂ where i, = j,. We take the tensor

Uh-tp—tiptidmtr .
J1--Jq—1Jq+1---In+l1

_oiyedpend; o Qi le btk | . o .
=T ]1...]nS In+1---Jqg—1tpJg+1---In+l

(3.46)
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® Sim+1 vtk

= tr(ipvjq) (Tilu.ipmimj ]n+1~~jq~~jn+z) (3‘47)

1--Jn

Therefore, we can rigorously define the tensor acting on another
tensor in such a way as the trace of the tensor product of the
two tensors. We exploit the equivalence of a mixed tensor of
order two and a linear operator, and it suffices to show that the
trace of a tensor is simply the trace of its corresponding matrix
as defined in matrix algebra.

Theorem 33. The contraction of a tensor Tj‘ is equivalent to
taking the trace of the corresponding linear operator (matriz)
S:V-=V.

Proof. We are given that T'= T (recall the Einstein summation
convention). We define

T(¢'.e) = ¢'(S(ey)) (3.48)
where S is a matrix composed of elements a;;. Then

T} =T(¢' ¢j) = ¢'(S(e)) = ay (3.49)
Therefore, taking the trace is simply a matter of summing up all
elements a;;. O

Note that one cannot contract two contravariant indices or
two covariant indices; it always has to be one contravariant and
one covariant. The reader should verify this.

Now we reach a theorem that once again may seem obvious,
but ought to be proved rigorously once again. That is, the
contraction of different indices results in different tensors. As
a simple example of this, we must have that 7%;; # T%;;. We
outline the proof like so: we compare the sums of the tensor
with its specific basis vectors and dual basis vectors as inputs,
and consider how there exists an apparent difference between
the two.

Theorem 34. The contraction of different indices results in
different tensors.
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Proof. Consider the tensor Til“'iP'“imjl,“jq“,jru.jn. Consider the
two contractions where i, = j, and %, = j,. Then we must have,
for the first contraction,

ZT(@“,..., PPy O € ey €i s ey €y ) (3.50)
iP

and for the second contraction,

ZT(@“, - (,Di”, - @im, €y ey €jgs ey Cipy vony €5,) (3.51)
iP

These are, upon close inspection, not at all necessarily the same.
Therefore, the contraction of different indices must result in
different tensors. O

By this point, the Einstein summation convention might make
more sense now. The operation of contraction is an often used
operation, and therefore, we will be taking many sums of tensors
like so. It is an incredible economy of notation that we omit
the sigma notation for all contractions, and instead note that
whenever there is the same index as both a contravariant and
covariant index, then we must sum the tensor over that index.

3.3 Symmetrization

We continue to gather more terminology with regard to tensors
by discussing the concept of symmetric tensors. A symmetric
matrix is one where the transpose of the matrix is equal to the
matrix itself. The symmetric tensor is, as many concepts of
tensors are, a natural generalization of the concept relating to
the matrix. Note that a matrix is symmetric if a;; = a;;, where
a;; is an element of the matrix in row ¢ and column j. Therefore,
we can define symmetry of a tensor to be the following;:

Definition 86 (Symmetric). A tensor is considered symmetric
with respect to the indices iy, iy, of T*tmtn = Tt tme
A similar definition can be stated for covariant tensors and mized
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tensors (so long as the indices are either both contravariant or
both covariant). A tensor is called symmetric if we have

it ecin e _ it (3.52)
foranym >1andn > 1.

We remark that the symmetric tensor has fewer independent
components when regarded as an array of numbers than a tensor
that is not considered to be symmetric; this is the case for
matrices, and it will end up being the case for tensors as well.

Remark 13. If we can represent the tensor as a matriz, we find
that symmetry reduces the number of independent components of
the matriz in question.

For instance, if we have a tensor that can be represented by
the matrix A, where

A= az1 QA22 Q23 (353)
asi asz as3

This matrix clearly has 9 independent components. For a sym-
metric tensor represented by the matrix B, where

bi1 b1z bis
B = |bia byy bog (354)
b1z baz b33

We count 6 independent components for this matrix.

Now we will specify some of our terms a little bit. We
understand what it means for a matrix to be symmetric with
regard to two indices, and we understand what it means for a
matrix to be symmetric for all indices. Now, we examine the
following definition of complete symmetry:

Definition 87 (Completely Symmetric). A tensor T tta-
is considered completely symmetric in the indices {ip, ...,iq} if
it is symmetric for any im,i, where p<m < qandp <n <gq.
Note that this definition is stronger than symmetry with respect
to a pair of indices, but weaker than symmetry in general.
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Note that the symmetric tensor is also considered to be
completely symmetric in all indices. Now we reach an important
caveat when it comes to the symmetry of tensors. As it turns
out, it does not serve us well to define symmetry with respect to
a contravariant and a covariant index. This point is illustrated
below:

Remark 14. The tensor can be defined to be symmetric with
regard to contravariant indices or symmetric with regard to co-
variant indices, but cannot be symmetric with regard to a pair of
indices, one being contravariant and one being covariant.

This is because, if we consider a simple case, that would

imply
T =T;'% (3.55)

which does not carry any meaning whatsoever. This expression
implies that we have T'(¢", e;,ex) = T(ej, ¢, ex), which is obvi-
ously not an equation of interest; we are instead interested in
those equations where we are able to swap basis vectors or dual
basis vectors in the argument and obtain equality. Therefore,
the definition of symmetry applies only to pairs of contravariant
indices and pairs of covariant indices.

It quickly follows that a completely symmetric tensor cannot
be a mixed tensor:

Corollary 1. A tensor that is considered to be symmetric must
either be contravariant or covariant, but not mixed.

The proof for this theorem follows swiftly from many of the
claims above, and therefore will be left to the reader.

It is also useful for us to “symmetrize” tensors; that is, we
want to take a tensor that is not symmetric inherently and
perform such an operation that the resulting tensor will be
symmetric. We can define the following operation below which
accomplishes this feat:

Definition 88 (Symmetrize). We symmetrize a tensor with
respect to certain indices (these indices must be either all con-
travariant or all covariant, as we can see) via the following
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process: we take the sum of all tensors where the desired indices
are arranged in different permutations and divide by the factorial
of the number of desired indices (the number of terms in our
sum,).

It may help to illustrate this process with an example. Let
us symmetrize the tensor 7;;. We take the sum of all tensors
with the indices permuted in different manners: T;; + Tj;, and
divide by the number of terms in this sum: 2. Therefore,

1
T(ij) = i(le -+ Tji) (356)

We use parentheses to denote the symmetrization of a tensor.
It will be left to the reader to verify that the symmetrization
of a tensor is really symmetric.

3.4 Antisymmetrization

Now we move from the concept of symmetry to that of antisym-
metry. We begin by illustrating the concept of antisymmetry in
a matrix. An example of an antisymmetric matrix would be as
follows:

0 2 3 4
-2 0 4 5

A= 3 4 0 6 (3.57)
-4 -5 -6 0

We consider the definition of symmetry of a matrix, and under-
stand how it can be generalized to that of a tensor. Likewise,
antisymmetry, or skew-symmetry, can also be generalized to
tensors. We establish the following definition.

Definition 89 (Antisymmetric). A tensor is considered anti-
symmetric with respect to the indices i, in, if TH im in =
—Tiinecimes A similar definition can be stated for covariant
tensors and mized tensors (so long as the indices are either both
contravariant or both covariant). A tensor is called antisymmet-
ric if we have

Til---":m,---in — _Tllln"m (3.58)
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foranym>1andn > 1.

Just as in symmetry, it is easy to ascertain the following
remark that antisymmetry reduces the number of independent
components of a matrix.

Remark 15. If we can represent the tensor as a matriz, then an-
tisymmetry reduces, just as symmetry, the number of independent
components of the matriz in question.

We can understand this by simply noting that, for a 3 x 3
matrix, we have 9 independent components, but as is the case
for symmetric matrices, we only have 3 independent components
for an antisymmetric 3 x 3 matrix. The reader should verify this
remark more rigorously.

We now give the following definition of complete antisym-
metry, which is analogous to that of complete symmetry in the
expected manner.

Definition 90 (Completely Antisymmetric). A tensor Tt
is called completely antisymmetric in the indices {ip,...,14} if it
s antisymmetric for any i, i, where p < m < q and p <n < q.
Note again that this definition is stronger than symmetry with
respect to a pair of indices, but weaker than symmetry in general.

Just as with symmetric tensors, we find that antisymmetric
tensors cannot be defined with regard to a mix of contravariant
and covariant indices; that is to say, you cannot “swap” a con-
travariant and a covariant index and have it be the same tensor.
The motivation for this is very similar to the motivation for the
analogous claim in the section on symmetric tensors.

Remark 16. The tensor can be defined to be antisymmetric with
regard to contravariant indices or antisymmetric with regard to
covariant indices, but cannot be antisymmetric with regard to a
pair of indices, one being contravariant and one being covariant.

It follows shortly that an antisymmetric tensor in general
must either be contravariant or covariant. It cannot be mixed.

Corollary 2. A tensor that is considered to be antisymmetric
must either be contravariant or covariant, but not mized.
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Now, it follows that we have an operation that allows us to
symmetrize a tensor, so it only makes sense that we shall develop
an operation that allows us to antisymmetrize a tensor. The
reader should verify that the described operation results in an
antisymmetric tensor.

Definition 91 (Antisymmetrize). We can antisymmetrize a
tensor with respect to certain indices (these indices must be either
all contravariant or all covariant) via the following process: we
take the alternating sum of all tensors where the desired indices
are arranged in different permutations and divide once again by
the factorial of the number of desired indices (the number of
terms in our sum,).

This definition might be confusing at first. Here are a couple
examples. We shall antisymmetrize the tensor T;;. We take
the alternating sum of all tensors with the indices permuted in
different manners: 7Tj; stays the same sign since it requires zero
swaps between adjacent indices, but T};; must have a negative
sign since it requires one swap between adjacent indices, between
1 and j. The alternating sum thus becomes T;; — T};. We divide
all of this by the number of terms in the alternating sum, which
is clearly 2. Therefore, we must have

1
Tiij) = 5(Tij = T5a) (3.59)
Unlike symmetrization, we use brackets to denote the antisym-
metrization of a tensor.
Now let us compute the antisymmetrization of the tensor
Ti;i. The alternating sum is as follows:

Tijk - Tikj - Tjik + Tj]ﬂ' + Tkij - Tkji (3.60)

Notice how the sign reflects how many adjacent indices are
swapped; if there is an odd number of swaps, then there is a
negative sign, whereas if there is an even number of swaps, then
there is a positive sign. The number of terms in this alternating
sum, as one may count, is 6. Therefore, we have

1
Tij) = E(Tijk = Tikg — Tjire + Tjri + Thij — Theji) ~ (3.61)
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3.5 The Metric Tensor

The metric tensor is one of the most fundamental parts of differ-
ential geometry and tensor calculus, and it primarily stems from
the concept of distance. When we examine a manifold, we want
to have a way to quantify distance on that manifold. As it turns
out, we have a way to formalize this concept, and it comes in
the form of the metric tensor, which is also known, in a surface,
as the first fundamental form.

Definition 92 (First Fundamental Form). Given an inner prod-
uct {,) and tangent vectors to a surface x,, x,, we have that the
first fundamental form can be thought of as

ds®> = Edu® + 2Fdudv + Gdv* (3.62)
where B = (T, ), F = (Tu, y) = (Ty, Ta), and G = (x,, ).

We can find that we are able to represent the first fundamental
form as a matrix, like so:

- (? g) (3.63)

Note that the first fundamental form is essentially equivalent
to the inner product in that it takes in two tangent vectors
azx, + bzr, and cx, + dx, and outputs the following:

I(axy + bxy, cxy + dxy) = acE + adF + beF + bdG (3.64)

Observe how, by the definition of the first fundamental form, we
have defined distance officially on a surface in R?; indeed, if we
consider the Euclidean first fundamental form of a plane,

I— <(1) ‘1)> (3.65)

the distance formula becomes ds? = du? + dv?, which is precisely
the distance formula taught in elementary mathematics. We can
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also derive the concept of infinitesimal area from that of the first
fundamental form, like so:

dA = /EG — F2dudv (3.66)

The proof of this will be left to the advanced reader.

We generalize the first fundamental form in its matrix form
to that of the metric tensor, which is applicable to spaces of any
dimension, which is defined like so:

Definition 93 (Metric Tensor). The metric tensor is a bilinear
map, where, given a manifold M and a point x, g : T, MxXT, M —
F, where g, utv” = u-v.

We can arrange the components of the metric tensor in the
form of a matrix:

g1 .- Gin
uv = . (367)
gni 9nn

Definition 94 (Orthogonal). Given two vectors u and v, if we
have that u-v = 0, then the two vectors are considered to be
orthogonal.

We also define the norm of a vector through the metric tensor:

Definition 95 (Norm). The norm of a wvector v is simply
G VFV”.

We also define an inverse metric g** as follows:

Definition 96 (Inverse Metric). The inverse metric g is a
tensor of order two that is defined in such a way that g,,.g"? = of,.

Let us examine some examples of the metric tensor as well
as the inverse metric. In n-dimensional Euclidean geometry, we
have that

10 ... 0
01 ... 0
Guv = : . . : (368)
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The inverse metric is simply the matrix that, when multiplied by
the metric tensor, gives us the identity matrix (or the Kronecker
delta). Thus,

1 0 0
01 .. 0
gr=1. . T 9w (3.69)
0 0 1
as
1 O 0 1 0 0 1 O 0
0 1 0 0 1 0 01 .. 0
=. 7 | G
o o0 .. 1 0o 0 .. 1 0o o0 .. 1

Now we consider the metric tensor in Minkowski geometry:

-1 0 0 O
0O 1 0 O
9w =10 0 1 o (3.71)
0O 0 0 1
The inverse metric is clearly
-1 0 0 O
, 0 10 0
=10 01 0 (3.72)
0O 0 0 1
due to the fact that
-1 0 0 O -1 0 0 O 1 0 0 O
0 1 0 O 0O 1 0 O 01 0 0
o o1 0oflo o10| {0010 G
0 0 0 1 0O 0 0 1 0 0 0 1

The metric tensor allows us to define the distance formula in a
similar manner as the first fundamental form:

ds® = g, datdz” (3.74)
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So, for a metric tensor represented by a 2 x 2 matrix, we have
ds® = gidatdet + giodatde? + gordatda® + gooda'da® (3.75)

Given a manifold M which is equipped with a metric tensor
guv at every point p € M, we say that the set of all metric
tensors at every point is called a tensor field. The tensor field
is a very similar concept to that of the vector field, but with
tensors instead of vectors.

3.6 Raising and Lowering Indices

The metric tensor can also be used to raise and lower indices.
Let us develop the intuition behind this statement; we recall
from the definition of a metric tensor that, given two vectors
ut 0¥ €V, we have

Gt =u-v (3.76)

Note that we also have that

u-v=u,v” (3.77)
Therefore,
g v’ = w0 = guut =u, (3.78)
Similarly, we find that
9" gupv” = ShvP = ot (3.79)
We also have
gupvp = Uy (380)
by 3.78. Therefore,
g, = ot (3.81)

We have observed how the metric tensor can raise or lower the
index of a vector; that is to say, the metric tensor can transform
a vector into a dual vector, and the inverse metric can transform
a dual vector into a vector. It will be left to the reader to extend
this property to that of tensor, but it essentially follows that the
final result is as follows:
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Remark 17 (Raising and Lowering Indices). The metric tensor
can be used to lower the index of a tensor:

gij"le---]nfljnr]n#»l---]pkl.“k"L — le--~Jn71i]n+1~~-1pk1mkm (382)
The inverse metric can also be used to raise the index of a tensor:

iJ . . L D kioky
g nle~-~Jn71Jn]n+1me "=

k‘l...kyn (3.83)

i
1. Jn—1 Jn+1---Jp
Further cases can be derived in an analogous way.

We now consider several examples of this property in action.
We are given the Minkowski metric

-1 0 0 O
0 1 0 O
9w =10 0 1 0 (3.84)
0 0 0 1
Then we consider the tensor 7177
2 4 3 1
-3 0 2 7
po _
TP = 1 1 2 -1 (3.85)
0 4 -2 5
Can we find T#,? We have
T, = gpuTMp = T”pgpy (386)
2 4 3 1 -1 0 0 O
-3 0 2 7 0 1 0 O
11 1 2 -1 0 0 1 0 (3.87)
0 4 -2 5 0 0 0 1
-2 4 3 1
3 0 2 7
=11 1 2 _1 (3.88)
0 4 -2 5

One particular point of interest is that given two tensors rep-
resented by matrices, you have to ensure that the contracted
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indices are adjacent to each other in order to multiply the matri-
ces. We will see more of this in the next example. Let us find
the tensor T),".

T, = gupT* (3.89)

The contracted indices are already next to each other.

-1 0 0 0 2 4 3 1
0 1 00 -3 0 2 7
0 010 1 1 2 -1 (3.90)
0 0 0 1 0 4 -2 5
-2 -4 -3 -1
-3 0 2 7
=14 1 9 1 (3.91)
0 4 -2 5
Can we find 7),,7 We can! Observe:
T,uu = gp,prV (392)
-1 0 0 0 -2 4 3 1
0 1 00 3 0 2 7
0o 010 -1 1 2 -1 (3.93)
0 0 0 1 0 4 -2 5
2 -4 -3 -1
= 3 0 2 7 (3.94)

-1 1 2 -1
0 4 -2 5
These matrices are all very similar, but for more interesting

metric tensors, we may obtain more diverse results. Now, given
T,", can we obtain T"”? We will have to use the inverse metric.

TH = gheT,” (3.95)
10 0 0\ /(-2 —4 -3 -1
0 100|]l-3 0 2 7
“lo o1o0fl|1 1 2 -1 (3.96)
0 00 1/\0o 4 -2 5
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2 4 3 1
-3 0 2 7

=11 1 2 - (3.97)
0 4 -2 5

3.7 Exterior Algebra

We now turn our attention to that field of mathematics known as
exterior algebra, which concerns itself especially with covariant
antisymmetric tensors. The reason why will become clearer later,
but the short answer is that these tensors are especially useful
for integrating on manifolds. We begin this section by restating
the definition of a covariant antisymmetric tensor for the reader’s
convenience.

Definition 97 (Covariant Antisymmetric Tensor). A tensor is
considered covariant and antisymmetric if it is a multilinear map
T, V... xV = F, where Ty, 4, (V1, ..., V55 o0y Ugy ooy Un) =
—Tiy i (V150 Uy oy Vg ooy ) for any 1 < 4,5 < n.

As it turns out, the covariant antisymmetric tensors of the
same type form a set known as the exterior product space. This
space is a vector subspace of the set of all tensors of the same
type. The proof for this is relatively straightforward and will be
outlined shortly after.

Definition 98 (Antisymmetric Tensor Space, Exterior Product
Space). We have that the set of all antisymmetric (0,n) tensors
forms a vector subspace A™"(V*), also denoted AT™(V) of the
set of all (0,n) tensors. These two notations represent the same
subspace; the only difference is that someone may prefer one
instead of the other.

Theorem 35. The exterior product space A™(V*) is a vector
subspace of the set of all (0,n) tensors.

Proof. Tt is straightforward that A™(V*) is a subset of the set
of all (0,n) tensors, by the definition of the exterior product
space. Note that there exists a “zero” tensor 0;, ., : V X
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... XV — F that maps the Cartesian product of all vectors to
zero. It is left to the reader to verify that this tensor fulfills
the necessary properties. Then, we consider that we are able to
add antisymmetric tensors of the same type and we find that
the resulting tensor is also antisymmetric and of the same type.
Similarly, if we multiply an antisymmetric tensor by a scalar, we
find that the resulting tensor is also antisymmetric and of the
same type. The machinery behind this proof will be relegated to
the reader as an exercise. O

Now that we have established a definition for the antisym-
metric tensor space, it naturally follows that we can define a
symmetric tensor space as well consisting of symmetric tensors
of the same type.

Definition 99 (Symmetric Tensor Space). The set of all sym-
metric (0,n) tensors forms a vector subspace ST™ (V) of the set
of all (0,n) tensors.

The reader may also come across the idea of the exterior
product space within the context of a manifold. Recall the
notation for the tangent space T),(M) and its dual T,y (M). We
can define an antisymmetric tensor space on a manifold as well:

Remark 18. When V* = T; M, where M is a manifold and
p € M, we have that the set of all antisymmetric (0,n) tensors
can also be represented by AT (M) or Q2 (M).

Now we come across one of the most important operations
in exterior algebra: the wedge product. The wedge product is
an operation that takes two tensors and returns a tensor. It is
the antisymmetrization of the tensor product of two covariant
antisymmetric tensors. The definition is fairly straightforward:

Definition 100 (Wedge Product). The wedge product A is an
operation on two tensors Ty, ;€ A™(V*) and S;,. i, € A™(V*)
such that

TAS=(T®S8), (3.98)

cmagn)

The wedge product is also known as the exterior product.
Now, it is time for us to define a basis for each antisymmetric
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tensor space using the dual basis and the wedge product. The
first statement will be presented without proof, as if it were a
definition. The second and third statements will be left to the
reader to verify.

Theorem 36. If we have a dual basis {p1, ..., pr}, then {p; =
©iy N Ny, b where 1 <y, ..., i, < k is a basis for AP(V*). It
follows that
k
dim AP(V*) = ( ) (3.99)

p
It follows that the dimension of A™(V*) where n > k = 0.

At last, we come across the definition of the exterior algebra.
We define the exterior algebra as the direct sum of all the possible
antisymmetric tensor spaces, up to dim V* = k, like so:

Definition 101 (Exterior Algebra). The exterior algebra A(V™)
or AT (V) is defined as

k
AV =P NV = A (Ve A (V) e...e A" (V) (3.100)
i=0
Similarly, we are able to define a symmetric tensor algebra,
which, unlike its antisymmetric counterpart, is an infinite direct
sum. The reader should ponder why this is the case.

Definition 102 (Symmetric Tensor Algebra). The symmetric
tensor algebra ST(V) is defined as

ST(V) = éSTi(V) =ST°(V)® ST* (V)@ ...  (3.101)
=0

3.8 Wedge Product

Before we dive deeper into our study of the wedge product, we
must first adjust our notation slightly so that we are not burdened
by indices to such a degree. We first introduce the concept of the
permutation, which should be familiar to most readers. However,
the notation may be novel. Observe the definition below.
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Definition 103 (Permutation). We call m € S, a permutation
of the numbers 1 to p. When we denote a permuted tensor T as
T™, we say that

TW(Ul,...,’Up) = T(’Uﬂ.(l),...,vﬂ.(p)) (3102)

where {m(n)} is a permutation of 1 to p. We have that (—1)"
must be either 1 or —1 depending on if w is even or odd.

Additionally, we add new notation for the concept of anti-
symmetrization. Since antisymmetric tensors are also known
as alternating tensors, we shall use the notation Alt for anti-
symmetrization. This saves us from using all those indices for
tensors.

Remark 19 (Antisymmetrization Alternate Notation). The
antisymmetrization of a tensor T can also be written as Alt(T).

Now we define the wedge product. Although the wedge
product has already been defined in the previous section, we
define it using the novel notation below.

Definition 104 (Wedge Product). The wedge product T NS €
AT(V*) where T € T™(V) and S € T™(V), is defined as
follows:

TAS=AKT @ S) (3.103)

Note that T'® S may not always be antisymmetric if both
T and S are antisymmetric. Now we observe a lemma and a
theorem from Guillemin and Pollack, both of which concern
fundamental properties of the wedge product. The lemma, as
always, is necessary for the proof of the theorem. Therefore, we
begin with the lemma, that the wedge product of a tensor whose
antisymmetrization is zero must be zero as well.

Lemma 3. If Alt(T) =0, then TAS=SAT =0.

Proof. Consider the set A of possible permutations of (1,...,m +
n) where m + 1,...,m + n is fixed. This is a copy of the set



104 Chapter 3. Tensor Algebra

S;n. We have a map A — S,,, where m — 7’ where m € A and
7’ € S, and 7’ is the restriction of 7 to (1,...,m). We have that

(T®S)"=T" ®5 (3.104)
as (T®S)(U7r (1) «-- avﬂ(m)avm-‘y—la-"avm-‘rn) = ( U ( U7r m))
S(Vmt1y ey Umtn)- 1t is also clear that (—1)" = ( ) There-
fore, we must have
YN ()(TeSs) = [ S ()17 | ®S (3.105)
TeEA 7' ESm
= pIAIK(T) ® § =0 (3.106)

We assert the fact that for any element in S,,4,, we can repre-
sent it as a union of all the cosets (a coset is a set created by
multiplying each element of A by a fixed element of \S,, like so)
Aoo={moo:me A}. The reader who is well-versed in group
theory may be able to verify this claim. We find that for each
coset,

S (=D)™N(T@8)™7 = (-1)° [Z(—l)”(T ®8)"| (3.107)
TEA TEA

=(-1)7(0) =0 (3.108)

It follows that T A S must be zero, as well as S A T. O

Note that the antisymmetrization is a linear operation; that
is, Alt(S + T) = Alt(S) + Alt(T), and AIL(AT) = MAIL(T).

At last we come to the ultimate theorem of this section, which
simply states that the wedge product is associative. Unlike the
proof that the tensor product is associative, which is relatively
straightforward, this proof is not necessarily as straightforward.
Some of it will be left to the reader as an exercise, so pay attention
closely.

Theorem 37. The wedge product is associative.
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Proof. By the definition of the wedge product, we know that
(TAS)ANR=AL(TAS)®R) (3.109)

Therefore, we have that

(TANS)ANR—AI(T® S ® R) (3.110)
=Al(TAS)®R)— Alt((T ® S) ® R) (3.111)
=A((TAS-T®S)®R) (3.112)

Because T' A S is already alternating, then Alt(T AS) =T A S,
S0

AT AS —T®S)=Al(TAS) - AT ® S5) (3.113)

=TANS—-TAS=0 (3.114)
Therefore, by Lemma 3,

AB(TAS-T®S)®R)=0 (3.115)

Therefore, (T AS)AR=AW(T ® S® R). A similar argument,
which will be left to the reader, claims that T A (S A R) =
Al(T ® S ® R), and from there, the theorem is proven. O

3.9 The Determinant

Before we explore the first definition of a determinant that is
presented in this book, the reader will be first reminded of
the Levi-Civita symbol, in n dimensions. This symbol is not
necessarily a tensor, but it is important, and, as we will see soon,
can become a tensor as well with some modifications.

Definition 105 (Levi-Civita Symbol). The Levi-Civita symbol
6i1...in 8

1 11, .., I 1S an even permutation of 1,...,n
€y, = —1 i1,...,9, is an odd permutation of 1,....n
0 otherwise
(3.116)
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With this in mind, the following definition of a determinant
is presented, using the Levi-Civita symbol for notational clarity.

Definition 106 (Determinant). The determinant of a matriz A
composed of elements a;; is denoted |A| and is equivalent to

|A‘: Z €iy.iy Aliq -+-Qnij,, (3.117)

B1,eenyin
where €;,. i, is the Levi-Civita symbol.

At this point, we explore some elementary properties of the
determinant. We also begin to observe the concept of an orthogo-
nal matrix, which represents an orthogonal linear transformation.
A matrix is considered orthogonal if its transpose times the
matrix itself equals the identity matrix. Besides the properties
concerning an orthogonal matrix, we find that the determinant
preserves multiplication, transforming matrix multiplication into
scalar multiplication, like so:

Theorem 38. We have that |AB| = |A] - |B].
The definition of the orthogonal matrix is presented below.

Definition 107 (Orthogonal Matrix). A matriz A is considered
to be orthogonal if its transpose times the matriz itself equals the
identity matriz, that is, ATA=1.

We now consider some of the fundamental properties of or-
thogonal matrices. Our task is to ultimately prove that the
determinant of an orthogonal matrix must either be 1 or -1, but
in order to achieve this goal, we must consider the following
lemma, presented here without proof:

Lemma 4. We have that, for an orthogonal matriz A, |AT|-|A| =
|I| = 1.

Considering this lemma, we are now able to reach the fol-
lowing theorem regarding orthogonal matrices; namely, that the
determinant of an orthogonal matrix must either be 1 or -1. This
theorem follows shortly from Lemma 4, and the reader should
verify this theorem easily.
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Theorem 39. For an orthogonal matriz A, it follows that |A|? =
1, and therefore the determinant of an orthogonal matriz can
either be 1 or —1.

Finally, we reach yet another fundamental property of de-
terminants; if we consider a matrix A and its transformation
A" = BAB™!, we reach the following conclusion: the determi-
nants of these matrices are the same. In that way, we are able
to conclude that the determinant remains invariant under a co-
ordinate change. Perhaps that description should ring a bell to
the reader who has been paying attention, but we will reach the
obvious conclusion later in the section.

Theorem 40. Given a matrix A and a transformed matriz
A" = BAB™L, we have that |A'| = |Al.

Proof. Consider the expression A’ = BAB~!. Right-multiplying
both sides by B, we obtain A’B = BA. Tt follows that |A’|-|B| =
|B| - |A]|. Since the determinant of a matrix is a scalar, we divide
by |B|, giving the desired expression. O

One of the most pivotal determinants in mathematics is that
of the Jacobian determinant. The Jacobian determinant is what
its name simply entails; that is, it is the determinant of the
Jacobian matrix.

Definition 108 (Jacobian Determinant). The Jacobian deter-
minant is written as

61I1 811’2 81xn
X1y ey ) _ Oy Oaza ... Oamy (3.118)
a(ula- aun) '
8nI1 8nl‘2 8nIn

One of the most important properties of the Jacobian determi-
nant is that we are able to use the aforementioned determinant to
apply a change of variables to an integral. That is, as those read-
ers who have taken multivariable calculus are aware, we are able
to change the integration variables based on the relationship be-
tween these variables and the Jacobian determinant based on such
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_ |91, sn)

relationships. Since we have dx;...dz, = D) duy...duy,,

we have that

Theorem 41. Given a region R in the coordinates uq, ..., un
that is being integrated and its corresponding region R’ in the
coordinates x1, ..., T,, we have that

/ d:rl...d:vn:/
/ R

At this point, we shift our attention to a more abstract
definition of the determinant. The presentation of this section
closely follows the beginning of Axler’s section on determinants.
We begin by defining a certain antisymmetric covariant tensor
ar based on another antisymmetric covariant tensor a as follows:

8(5513 ) xn)

duy ...duy, 11
8(u1,...,un) “ u (3 9)

Definition 109 (ar). Consider an antisymmelric covariant ten-
sor a of type (0,n). ar is another antisymmetric covariant tensor
of the same type that is defined by ar(vy, ..., vn) = a(Tvy, ..., Tv,)
for all vectors vy, ...,v, € V.

At last we have reached the second, more abstract, definition
of the determinant. We obtain the following definition:

Definition 110 (Determinant (2)). The determinant of a linear
operator T, denoted |T|, is defined to be the unique scalar such
that

ar = |T'la (3.120)

We conclude with a theorem on determinants circling back to
the idea that the determinant itself is an antisymmetric covariant
tensor in a sort of way; that is, it takes in a certain amount
of vectors and produces a scalar in such a way that preserves
multilinearity. The proof is rather short and elegant, like so:

Theorem 42. Consider a matriz where the vectors vy, ...,Un
constitute of the columns of the matriz. The map that takes
the vectors vy, ...,v, € V to |’U1 .. Upl| 18 an antisymmetric
covariant tensor of type (0,n).
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Proof. We let T be the linear transformation such that Te, =
v and let @ be an antisymmetric multilinear map such that
aley,...,en) = 1. Then we must have

‘vl vn‘ =|T|=|T|ale1,...,en) = a(Tey,...,Te,) (3.121)

= a(v1,...,0p) (3.122)

We have found that the determinant is a covariant antisymmetric
tensor that takes in n vectors and outputs a scalar. O

3.10 The Volume Element

At this point, we will now examine the application of tensor
algebra to the act of integrating along a manifold, at a basic
level. In order to do this, however, we need to define a couple
concepts. The first between them is that of orientation, which
allows us to examine the “sides” of a manifold. We consider two
bases of the tangent space of the manifold and consider whether
they are part of the same orientation or not, like so:

Definition 111 (Orientation). We classify the arrangement of
bases (e1,...,en) and (€}, ...,el) into two groups depending on
their relationship with each other; if e} = a'e;, then consider
the matriz A with elements a*. If |A| > 0, then the two arrange-
ments are in the same group. Fach of the two groups is called

an orientation p for the vector space with the bases span.

Since we understand the definition of orientation, we are now
able to define the volume element of a given manifold. This
volume element must be a tensor, as it must remain invariant
under coordinate transformation. We want the volume element
to contain the following conditions, as written below:

Definition 112 (Volume Element). The volume element w is a
unique antisymmetric covariant tensor given by an orientation p
such that if (e1,...,en) = p, then w(ey,...,e,) = 1.

If we have the typical inner product on Euclidean spaces
and an orientation pu, the absolute value of the determinant of
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vectors v1, ..., v, is the volume of the parallepiped defined by
the vectors v1, ..., v,. There are some other remarks that can be
made about the volume element on notation and the fact that it
can be nowhere zero. The reason why it cannot be zero at any
point should be intuitive to the reader.

Remark 20. The volume element must be nowhere zero, and
is sometimes denoted dV. It can also be denoted ds in one
dimension and dA in two dimensions. The volume of a manifold
M is equal to
V= av (3.123)
M
We recall how the determinant can be used to define the
volume in certain cases. We can generalize this claim. So long
as the typical inner product is used, we are able to define the
volume element on a surface in three-dimensional space as the
determinant of the matrix with rows consisting of the two vectors
as well as the unit normal, as denoted below.

Remark 21. Ifw is a (0,2) tensor with the typical inner product,

we have that
v

w,w)=| w (3.124)
n(z)

where n is the unit normal of the surface M at a point x € M.

We have that, through some elementary properties of the
determinant, assuming w is defined as in Remark 21,

w(v,w) = (v x w,n(z)) (3.125)
Since n(z) is parallel to v x w and is of length 1, we have that
(v x w,n(x)) = |vxw (3.126)

However, since w(v,w) = dA, we conclude that, for a surface
with the typical inner product,

dA = |v x w| (3.127)

We now present a theorem that the reader has seen before;
now, it is time to prove it.
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Theorem 43. Given a surface c,
/dA = / VEG — F? (3.128)
¢ [0,1]2

where E, F,G are the coefficients of the first fundamental form.

Proof. To prove this claim, the following lemma must be used.
We present it here without proof:

/dA:/ cdA (3.129)
c [0,1]2

Therefore, we claim that

Lemma 5.

/ c*dA(e,er) = / dA(c.eq,ce2) (3.130)
[0,1]>

[0,1]2

To proceed forward in the proof, we need to understand con-
ceptually the relationship between the basis vectors and partial
derivatives. Recall that the basis vectors of the tangent space of
a manifold can be described by partial derivatives: 9;. Therefore,
we claim that

/ dA(c.eq,ce2) :/ dA(0; ¢, 020) (3.131)
[0,1]2 [0,1]2
= / |O1¢ X Oac] (3.132)
[0,1)2

= / ‘(61028203 — 81036262, 81036201
[0,1]?

—81018203781018202 — 81028261)‘ (3133)

Expanding the expression in such a way that the absolute value
is removed (i.e., by squaring and adding up the resulting squares,
and taking the square root), we obtain

= \/(8161)2(8202)2 + (8162)2(8201)2 — 28161816282018202

[0,1]2
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+(01¢%)?(02¢3)% 4 (01¢3)%(02¢?)2 — 2012013 Dac?Dac?
+<8103)2(8201>2 + (8101)2(8203>2 —201c101¢305¢1 0yc3 (3134)
Let

E = (01¢h)? + (01¢%)? + (01¢%)? (3.135)
F = 81018201 + 51028262 + 81633203 (3136)
G = (02c")? + (02612 + (02c3)? (3.137)

It follows that our expression becomes
/ vV EG — F? (3.138)
[0,1]

Hence proving our claim. O

This formula is useful to compute the surface area of surfaces
in 3-dimensional space, but sometimes, we would like to work in
different types of spaces and geometries. For that, we need to
define some notation. As the integrand dz must transform like a
covariant tensor, the wedge product can apply to different dzs,
creating an expression of the form dz® A dz'. We can repeat this
process, using the following definition:

Definition 113 (Integrand). The integrand dz is a (0, 1) tensor,
and dz"™ = dz® A ... Adz" " is an antisymmetric (0,n) tensor.

Now, it is time to examine a second definition of the vol-
ume element, this definition concerning the metric tensor. We
consider the notation above regarding integrands, and we make
the following claim without a rigorous justification, save for the
proposition that the addition of the square root of the determi-
nant of the metric tensor allows the element to transform like a
tensor:

Definition 114 (Volume Element (with Metric)). The volume
element transforms as a tensor does, and can be described by
V1gldz® A ... Adx™ ™Y, where |g| is the determinant of the metric
tensor.

From there, the following remark becomes clear:
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Remark 22. The integral of a scalar function f over a manifold
M of dimension n is

/M f@)\/|gldz® A .. A dae™ ™t (3.139)

3.11 Exercises

Exercise 1: Prove that (V@ W)* = V* @ W*.

Exercise 2: Explain, in your own words, the proof of Theorem
31 in full.

Exercise 3: Find the order and type of the tensor T, T2, ®
e @ T7F, .- Justify using a rigorous proof.

Exercise 4: Let 7 be a permutation of the indices {1,...,n}.
Prove that there must exist an isomorphism

c:Vi®.V, — Vw(l) R..Q Vﬂ(n) (3.140)

where
U(Ul R...R® ’Un) = Un(1) R...RQ Ur(n) (3.141)

Hint: an isomorphism means that there is a bijection (one-to-one
and onto) map between the two spaces.

Exercise 5: Verify that all the definitions of the tensor product
are consistent with each other.

Exercise 6: Consider the (2,1) tensor. What sort of tensor
results from a contraction of its indices? What familiar object is
this tensor?
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Exercise 7: Explain, in your own words, the point of the
Einstein summation convention.

Exercise 8: Prove that the double contraction of a tensor also
transforms like a tensor.

Exercise 9: Consider the set of all tensors which are in the
tensor algebra of a vector space V', where

T(V)= é TH(V) (3.142)
=0

Consider all contractions of said tensors. Does this set itself form
a tensor algebra? Prove your claim.

Exercise 10: Justify Remark 13. Justify Remark 14.
Exercise 11: Prove Corollary 1.

Exercise 12: Verify that the symmetrization of a tensor is itself
symmetric.

Exercise 13: Find the formula for a symmetrization of a tensor
as follows: T\,

Exercise 14: Of a tensor with n covariant indices, how many
different symmetrizations can this tensor have? Explain your
thought process.

Exercise 15: Verify that for an antisymmetric or symmetric
n X n matrix, the number of independent components is reduced
compared to that of a regular n X n matrix. By how much is it
reduced?
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Exercise 16: Prove that antisymmetrizing a tensor makes it
antisymmetric.

Exercise 17: Find the alternating sum with respect to the
permutations of indices of 1),, ¢

Exercise 18: Find T;(jrym- Find Tifjrim-

Exercise 19: Derive the first fundamental form of the paraboloid
z =z + 92

Exercise 20: Derive the first fundamental form of a surface of
revolution. Show all steps.

Exercise 21: Find the inverse metric of the following metric
tensor:

-0 0 0

0 L 00
=10 § 1 o (3.143)

(N

Exercise 22: Find dA for the paraboloid in Exercise 19.

Exercise 23: Verify that the metric tensor and inverse metric
can lower and raise one of the indices of a tensor, respectively.
Only a couple cases need to be shown. Conclude that the prop-
erties observed for vectors (Egs. 3.78, 3.81) translate accordingly
for tensors.

Exercise 24: Write the expression for 7),,,s in terms of T 7.
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Exercise 25: Given a tensor

1 2 3
T, =14 5 6 (3.144)
-1 -2 3
and a metric
-2 0 0
9ij = 0 3 0 (3145)
0 0 6

Find Tij and Tij-

Exercise 26: Compose a rule for what the components of the
tensor T}, will be given a tensor T"" represented as a matrix
and the Minkowski metric.

Exercise 27: Complete the proof of Theorem 35.
Exercise 28: Prove the consequences of Theorem 36.

Exercise 29: Is it true that the union of the symmetric tensor
space and the antisymmetric tensor space is the set of all tensors
of a certain type? Justify your answer.

Exercise 30: Is either the symmetric tensor algebra or the
exterior algebra considered to be a tensor algebra? Justify your
answer.

Exercise 31: Why is it that the symmetric tensor algebra is an
infinite direct sum, yet the exterior algebra is not? Try to think
of a profound answer for this.

Exercise 32: Complete the proof of Theorem 37.
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Exercise 33: Given V), and W,,, where

1 2
3 4

Vi=| S5 W= (3.146)
0 5

as well as the outer product @), find VA W.

Exercise 34: Make up two tensors of order 2 T and S. Is it
possible to numerically calculate T' A S?

Exercise 35: Let v = ae; +bey and w = cej +dea. Follow these
steps to find v A w:

(a) The wedge product is distributive. Express v Aw in terms
of a,b,c,d, eq,es.

(b) Note that the wedge product of a basis vector with itself
is zero. Simplify the expression in (a).

(c) Note that v Aw = —w Av. Considering the case for basis
vectors, simplify the expression in (b).

(d) Does the expression of the coefficient look familiar? Find
a formula reminiscent of this expression.

Exercise 36: Prove that |AB| = |A| - |B| for any matrices A, B.

Exercise 37: Verify that all definitions of the determinant are
equivalent.

Exercise 38: Find the determinant of the following matrix:

102 3
02 4 —1

A=y 1 1 (3.147)
012 3
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Exercise 39: Why is the determinant not a symmetric multilin-
ear form? Use an example to justify.

Exercise 40: Prove that dA = n'dyAdz+n?dz Adz+n3dzAdy,
where the unit normal is n*. Hint: in three dimensions, the wedge
product is analogous to the cross product.

Exercise 41: Explain why [V EG — F? is a special case of

[ /gldz® A ...Adz™~t (there is a discrepancy in notation, so be
aware of that).

Exercise 42: Find the surface area of a paraboloid on the circle
with center at the origin and radius 1.

Exercise 43: Generalize the expression in Exercise 40.

Challenge 1: In this challenge, the reader is asked to prove
some advanced properties concerning the tensor product.

(a) Consider two finite-dimensional vector spaces U,V over
the field F. We define Hom(U, V') as the space of all linear maps
U — V. Prove that there exists an isomorphism between the
spaces U* @ V and Hom(U, V).

(b) Describe the inverse of the map that you found in part
(a), if you have not already.

(c) We define a ring as follows:

Definition 115 (Ring). A ring R is a mathematical structure
consisting of a set with two defined operations, + and -, where,
givenz,y,z € R, (v+y)+z=z+y+z2), z+y=y+x,I0E R
st.z+0=z, Ve e RIye Rst. z+y=0, (z-y)-z=z-(y-2),
dl1eRst z-1=1lz=zx,2-(y+2)=z-y+x-z and
(x4y) z=z-2+y-z.

Using this definition, we can therefore define a module:
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Definition 116 (Module). A left R-module is an abelian group
(M, +) equipped with an operation analogous to scalar multiplica-
tion for vector spaces, - : R x M — M, such that given r,s € R
and a,b € M, we have r-(a+b) =r-a+r-b, (r+s)-a=r-a+s-a,
(rs)-a=r-(sa), and 1-a = a. A right R-module is defined
analogously.

How might a tensor product be defined of modules over a ring?
(d) We define an R-algebra as follows:

Definition 117 (R-Algebra). An R-algebra is simply a vector
space equipped with an inner product that follows the properties
of distributivity and compatibility with scalars, though the set of
scalars is not a field, but rather a ring.

Show that the tensor product of two R-algebras A and B, AQrB,
is an R-algebra itself.

Challenge 2: For this challenge, we explore the topic of sym-
metric tensors.

(a) Many tensors in physics tend to be symmetric. Make a
qualitative argument for why this might be the case.

(b) How many independent components are in a symmetric
tensor of order 3, which can be represented by a 3 x 3 x 3
dimensional array of numbers? What about a tensor of order
4 that is represented by a 3 x 3 x 3 x 3 dimensional array of
numbers? Show all calculations.

(¢c) Let T=v1 Qua & ... ® v,. We define:

Definition 118 (Symmetric Product). The symmetric product
©® s defined as

1
V1 OV ®... v, = ] Z’Uﬂ.(l) Q Ur(2) ® ... @ Un(n) (3.148)

Define T ® Ty = Sym(7; ® T»), where Sym denotes the sym-
metrization of the tensor. Show that this product is commutative
and associative.
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(d) We know that for second-order tensors, the rank of the
tensor corresponds to the rank of a matrix representing such
a tensor. Does this hold true for higher-order tensors and its
corresponding higher-order arrays of numbers? Justify your
answer.

Challenge 3: Create a program simulating the metric tensor of
a given three-dimensional space for the following metric tensors
(let ¢, 2,y be the three variables):

100
(a) [0 1 0
0 0 1
-1 0 0
Myl0o 10
0 01
-1 0 0
)0 20
0 0 3
-1 0 0
(d)(ogo
0 0 %
z 0 0
(e) O ¢t 1
0 1 1
-1 0

[ V)

x

® o 2 y

x oy oy

(g) Choose any two points in each of the 6 spaces you have
constructed. Find the distance between them using the metric
tensor.

(h) Would it be possible for the distance between two points
to be zero, and the points are not the same? Justify your answer
with several examples.
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Challenge 4: We will now examine the exterior algebra.

(a) Prove that x Ay = —y Az, given that  Ax = 0. Consider
the expression (z + y) A (z + y).

(b) We consider the following definition:

Definition 119 (Decomposable). A tensor T is said to be de-
composable if it may be written as

T=viANvag A ... \vy, (3.149)
where vy, ...,v, € V.

Consider AT(V). Is every element of this space decomposable?
Why or why not?

(c) Let us define A(T) as the antisymmetrization of T' without
the factor of 1/n!. Find A(T)A(T).

(d) Define in detail the relationship between the wedge prod-
uct and the tensor product. How does this relate to the exterior
algebra being a quotient product of the tensor algebra?
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CHAPTER 4

Tensor Decompositions

4.1 Eigenvalues and Eigenvectors for
Second-Order Tensors

In our exploration of linear algebra throughout this textbook, we
have covered many different topics in introductory linear algebra.
However, there is one topic that we have yet to cover, which we
will present shortly. That is the concept of the eigenvalue. When
we observe operators, we are particularly interested in those
vectors where the operator applied to a vector returns a scalar
multiple of that same vector. We call that scalar an “eigenvalue.”
That vector is called an “eigenvector.” As it turns out, all the
eigenvectors of a given eigenvalue form a vector space known as,
one might guess, an “eigenspace.” Here are the definitions of an
eigenvalue and an eigenvector:

Definition 120 (Eigenvalue, Eigenvector). Let T, be a second-
order tensor. An eigenvalue is some scalar X € F such that the
application of a tensor to a given vector yields A times such a
vector. This vector is called an eigenvector.

It follows shortly that when we are studying the eigenvalues
of a second-order tensor, we want to find solutions A to the
following equation:

Remark 23. When we are interested in studying the eigenvalues
of a given tensor, we consider the following equation:

TH, v" = Aot (4.1)

We are able to prove many elementary properties about eigen-
vectors. However, as this text does not concern itself primarily

123
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with linear algebra, we will demonstrate the proof of one prop-
erty, and leave the rest for the curious reader. We will show that
we can represent repeated applications of the operator as the
eigenvalue raised to a given power for some eigenvector, worded
more precisely below:

Theorem 44. If v* is an eigenvector of the tensor T+, , then
we must have that

79, T2, T vintt = A\ (4.2)
Proof. We know that
T, v = Av# (4.3)

Consider the application of the tensor 1", to the equation. We
obtain
T°,TH 0" = TP o' = XT? ot = \2oP (4.4)

Repeating this process, we will ultimately achieve our desired
result. O

Definition 121 (Characteristic Polynomial). In order to find
all eigenvalues \ of a given second-order tensor T, , we utilize
the characteristic polynomial:

7%, — A3t =0 (4.5)

For those who are familiar with the rudiments of linear alge-
bra, this equation should look very similar to the characteristic
polynomial you were taught in linear algebra; that is, given an
operator A and an identity matrix I, we solve for \:

|A— M| =0 (4.6)

Definition 122 (Rotation). A rotation tensor R'; has the matriz
representation as follows:

‘ cosf —sinf O
R'; = |sinf cosf 0 (4.7
0 0 1
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Consider the case when 6 = 7/2. In this case, we are rotating
by 90 degrees:

‘ 0 -1 0
R,=[(1 0 o0 (4.8)
0 0 1

To find the eigenvalues of this tensor, we first find R?; — )\5;»:

| (A -1 0
Ry-Xi=|1 -x 0 (4.9)
0 0 1-2A

Therefore, the characteristic polynomial is

-2 -1 0
I =2 0 [=0= NM-XM+1-2=0 (410
0 0 1-2A

= (1-AN\+1)=0 (4.11)

Which, it is plain to see, we have A\ = 1,+i. We have discov-
ered the three eigenvalues of this rotation tensor. Finding the
eigenvectors will be left as an exercise to the reader.

Definition 123 (Shear). A shear tensor, S';, has the matriz
representation as follows:

1
Sii=10 (4.12)
0

O~ 2
_ o O

where v is some scalar. This matriz can sometimes be used as
the deformation gradient tensor, which we will learn about in the
applications section of the book.

It is time to find the eigenvalues of this tensor. We first find
Sij - )\(le

‘ ‘ 1—-A ¥ 0
Sy =AY = 0 1—A 0 (4.13)
0 0 1-A
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Then, we use the characteristic polynomial:

1—AX ~ 0
0 1-X 0 [=0= (1-))3=0 (4.14)
0 0 1-2X

Therefore, we see that the only eigenvalue that this matrix has
is A = 1. This does not mean that we have calculated incorrectly.
Some tensors have fewer eigenvalues than the dimension of the
vector space that the tensor is a tensor product of (in this case,
we have that the dimension is 3).

4.2 Spectral Theorem

We approach one of the most foundational theorems in linear
algebra: that of the spectral theorem. Before we observe the
spectral theorem in full, a couple different concepts must be
explained first. Among them is the definition of a Hermitian
matrix, which has been explored briefly before, but for the
reader’s convenience, will be presented again in its full and
complete definition.

Definition 124 (Hermitian Matrix). A Hermitian matriz H is
a matrixz such that it is equal to its transpose conjugate; that is,
H=H"=(HT)*.

It follows that, for Hermitian matrices, we have
(v, Hw) = (Hv, w) (4.15)

It will be left to the reader to prove this claim.

Now, we consider the concept of the spectrum. The spectrum
is where the spectral theorem gets its name from, and hence
pertains to the theorem. We define a spectrum as a set of
eigenvalues of a given tensor; one can imagine this spectrum as
being a “spectrum” of points among the real line or complex
plane.

Definition 125 (Spectrum). A spectrum S is a set of points A;,
which are eigenvalues of a given tensor T .
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Now, we examine a lemma that will be used to assist in the
proof of the spectral theorem. We assert that the characteristic
equation of a tensor must give us at least one complex eigenvalue
and a nonzero eigenvector for any tensor. The proof of this claim
is beyond the focus of this book, but the curious reader may
choose to delve further into this particular lemma.

Lemma 6. If we examine the characteristic equation of a given
tensor 1", we find that there must be at least one complex
etgenvalue A and a nonzero eigenvector v*.

We now define the orthogonal complement, which is another
concept instrumental to proving the spectral theorem. The
orthogonal complement of a vector is simply the set of all vectors
orthogonal to that vector. The orthogonal complement of two
vectors is the set of all vectors orthogonal to both vectors, and
so on. We generalize this definition like so:

Definition 126 (Orthogonal Complement). The orthogonal com-
plement O = span(vi,..v%)t of a subspace U = span(vi, ..., v})
1s the set of all vectors that is orthogonal to any of the vectors

in the subspace span(vi,...,v%); that is to say, given o € O and

<y Upy

u € U, we have that (o,u) = (u,0) = 0.

We now observe the spectral theorem. The spectral theorem
is one of the pivotal results in linear algebra, and it states that
we can find an orthonormal basis of a vector space consisting of
eigenvectors of a Hermitian tensor. Additionally, every eigenvalue
of the Hermitian tensor is real. This statement is so profound
because it allows us to guarantee real eigenvalues for certain
tensors, as well as the understanding that the eigenvectors of
the tensor span the vector space (this is not always the case for
any tensor). The proof is rather straightforward, relying on an
iterative process. We present the spectral theorem with proof
below:

Theorem 45 (Spectral Theorem). Consider the vector space
V. If we have a Hermitian tensor Hij, then there must be an
orthonormal basis of V' consisting of eigenvectors of H';. We
can also conclude that every eigenvalue of H'; is real.
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Proof. Let F = C. By lemma 6, letting A be that given eigenvalue
and v’ be the corresponding eigenvector, we may write

At vty = (H o7, v') (4.16)
And, since H'; is Hermitian,
= (v, H' jv7) = X*(v',v") (4.17)

Therefore, it follows that A = A*, which obviously entails that
A is real. Now we consider the orthogonal complement of v?,
O = span(v')*. Let o' € O. Then (0%, v') = 0 by the definition
of an orthogonal complement. Now, since

(H'jo! ,v*)y = (o', H' jv7) (4.18)
as H'; is Hermitian, and
(o', H jv7) = (o', ') = Mo",v") =0 (4.19)

it follows that
(H' ;0o ,v") =0 (4.20)

SO Hijoj is orthogonal to v’ as well; therefore Hijoj € O. Now
we consider the space O. Since H; is an operator on O, there
exists an eigenvalue )" and an associated eigenvector v € O. We
are able to continue creating orthogonal complements O’, 0", ...
in a repeated manner until we have completely spanned V. We
therefore have an orthonormal basis of V' consisting of eigenvec-
tors of H';, and every eigenvalue of the second-order tensor is
real. O

We observe some more specific results, regarding that of
symmetric second order tensors. This theorem states that given
an eigenvalue of a second order symmetric tensor, we have that its
so called “algebraic multiplicity” is equal to that of its “geometric
multiplicity”” The theorem statement below clarifies what is
meant by these terms. The proof is slightly more complicated
than that of the spectral theorem.
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Theorem 46. If we have an eigenvalue \g of a symmetric
second order tensor T, then the number of linearly independent
etgenvectors related to that eigenvalue is equal to the number of
times that the eigenvalue appears as a root of the characteristic
polynomial.

Proof. If we have a set of linearly independent eigenvectors
e; such that ¢ = 1,2,...,n, where n is the number of linearly
independent eigenvectors related to Ag, then it follows that every
linear combination v = a’e; is an eigenvector associated with Ag.
We have that

Ti ale; = 2": a'Te; = Xn: a'doe; = Ao i a'e; (4.21)
i=1 i=1 i=1 i=1

Let m be the dimension of the vector space. Then we have, by
writing T" as a tensor product of basis vectors and considering
that we were able to find a basis such that the first n x n block
in the matrix is A\g multiplied by the identity,

T=) Tiee;=X)» ex@et Y Teme; (4.22)
ij=1 k=1 i,j=n+1

It follows that, since T can be thought of as

Mo O .. 0 0 0 0
0 X .. O 0 0 0
0 0 .. X 0 0 0
T=14o o .. o 7pe+insl potietz  patlm
0 0 .. 0 T¢t2etl pnt2n+2 o pnt2m
0 0 .. 0 Tmrtl  pmat2z o pmm

_ </\0 22:1 er Qe 0 >

m iJe. )
0 ZM:“_’_IT e ®e;
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it follows that the determinant must be a product of the two
outlined nontrivial matrices,

|T| = /\OZek®ek Z Tijei®ej
k=1 ij=n+1
= |T = \6Y| = |TY — \§Y|(Ng — \)" (4.23)

Therefore, we find that the number of times that \g appears as
a root in the characteristic polynomial must be greater than or
equal to n. Now, since

m
T'= Y Te®e, (4.24)
i,j=n+1
is a map from this space to itself, the eigenvectors must be

different than that of e, in Equation 4.22. Therefore, A\g cannot
be an eigenvalue of 7", and it follows shortly that

[T — \§" | (4.25)

does not have a root A = \g. Therefore, we have that the number
of linearly independent eigenvectors related to that eigenvalue is
equal to the number of times that the eigenvalue appears as a
root, of the characteristic polynomial. O

4.3 Principal Axes

We now concern ourselves with the idea of diagonalization. This
idea is particularly important in linear algebra, and has its use
with tensors as well. The idea of diagonalization is to find a
basis in which a given matrix becomes a diagonal matrix. As it
turns out, this can be accomplished when the eigenvectors span
the vector space. It is left as an exercise to the reader to prove
this claim.

It may be useful to acquaint ourselves with a different nomen-
clature as well. We define principal axes as the eigenvectors by
which we are able to diagonalize the matrix, or tensor, for that
matter, as follows:
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Definition 127 (Principal Axes). The principal axes of a given
second-order tensor are the basis vectors by which the matriz
corresponding to the tensor becomes a diagonal matriz; that is,
they are the basis vectors where the components of the second-
order tensor are zero when not along the diagonal.

Similarly, we redefine the elements of the diagonal matrix, or
the components of a tensor, as principal values.

Definition 128 (Principal Values). The principal values of a
second-order tensor are the values that the components take in
the tensor’s diagonal form.

The idea of introducing different nomenclatures for this core
concept stems from its applicability to a wide variety of areas.
Diagonalization is particularly important in areas of quantum
mechanics, in which one may often diagonalize matrices, or
“Hamiltonians,” in order to solve relevant problems. Diagonaliza-
tion is also known as such in the area of linear algebra, where,
depending on the level of computation required, may be a more
abstract endeavor. This is not to say that the principal axes
do not have use. Anywhere tensors are found in engineering or
physics, one considers the principal axes of a tensor. We will
consider some examples later.

Now, we ought to ask the question: how can we find the
principal axes of a tensor? The answer, by this point, should be
obvious: it pertains to eigenvectors and eigenvalues. We make
this statement more clear below.

Theorem 47. The eigenvectors of a second-order tensor T are
the principal axes of the tensor.

Proof. Let ey, ...,e, be the eigenvectors of a tensor T%;. Then
we have that

Tijej = /\jej (426)

where ); is the corresponding eigenvalue of e;. Therefore, by
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utilizing the linearity of T 4, we can construct a matrix as follows:

)\1 0 0 '1)1

. 0 )\2 0 U2
sz’l) = . . . . (427)

0 0 ... A "

where the basis is in {ey,...,e,}. We have found that the eigen-
vectors of a second-order tensor T are therefore the principal
axes of the tensor. O

We now consider an application of principal axes to that of
physics and engineering. We recall the moment of inertia tensor
I;;. We make the following remark:

Remark 24. The inertia tensor I;; is a real and symmetric
matriz. This is because

I;; = /p(r) (5; Zmi = xixj> av (4.28)
k
k

The inertia tensor, of course, has a principal axis system,
alongside its principal values, which are commonly referred to as
I;, since the matrix is diagonal, and there exists no need for two
indices anymore. In this case, we call these principal values the
principal moments of inertia.

It is also a fact that if the angular velocity vector w points
alongside one of the principal axes like so:

w=uvle (4.30)

Then we have that the angular momentum L is parallel to the
angular velocity w, and we can discern the vector’s magnitude
by the following equation:

Llel = Ilwlel (431)
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The idea of a principal axis system belonging to a given second-
order tensor is a powerful one, because it allows us to simplify
calculations greatly and reduces the number of indices that we
must consider when considering a given tensor.

4.4 Invariants of Second-Order Ten-
sors

When it comes to the study of tensors in linear algebra and their
eigenvalues and eigenvectors, we are also concerned with those
functions that remain invariant under similar tensors (i.e. a
transformation of the type T — AT A™!, where A is invertible).
We call these functions invariants.

Definition 129 (Invariant). We consider the function f : V ®
V* — F. This function f is called an invariant of a second-order
tensor T*; if for all invertible matrices A*;, we have that

J(T) = f(ATA™Y) (4.32)

Now we examine a similar topic in that of the principal invari-
ants. These are the coefficients of the characteristic polynomial of
the given tensor. One property of note is that principal invariants
do not change under rotation.

Definition 130 (Principal Invariant). Given a tensor T%;, we
have that the principal invariants I, of T are the coefficients of

the characteristic polynomial.

More specifically, for a tensor of three dimensions, we have
that the characteristic polynomial can be written as

N A ON—DLA+I,=0 (4.33)

where Iy, I, I3 are the principal invariants.
One may note that we may also represent the principal invari-
ants in the form of the eigenvalues of the second-order tensor.
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Theorem 48. Given eigenvalues A1, A2, A3 for a three dimen-
sitonal second-order tensor, we have that

L= AL+ A+ A (4.34)
I = Mo + A3+ Aa)s (435)
I = Aol (4.36)

The proof of this is a straightforward application of Vieta’s
formulas, which will be left to the reader as an exercise. Let us
now calculate I,, using the coefficients of 7%;. We observe the
following:

_ IR A W T,
T — A6 =| T2,  T% -\ T2 (4.37)
T3, T3,  T35— A\

= (T = N)(T?5 = \)(T33 — \) + T T?T3, + T T3,
—TY T3 (T% = N) = T%:3T35 (T = \) =T T2 (T35 — \) (4.38)
Expanding the factored expressions, we obtain
= N (T +T% 4 T33)N2 — (T T2 + T T35 + T%,T335)\
+TNT?, T35 + T T?3T3 + TH3T* T,
+(THoT? + TH3T3 + T?3T32) A
—THT?3T3y — T2 T 3T3) — T33T T2 (4.39)

Furthermore, we simplify by combining like terms, resulting in
the following;:

= =N (T + T? + TP)N° — (T'T?
+TN T35 + T?,T35 — T oT?) — TH3T3 — T?3T3) A
+TYT2,T35 + T T?3 T3 + THT T3,
—TYT?T3 — T2, T T3 — T35, T2 (4.40)
Therefore, we conclude that

L =TY +T%+T3 (4.41)
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Iy =TYT? + T T3 + T T35 — T T? — T T3 — T23T°%,
(4.42)
I3 =TT T3 + T T?T3 + T T2, T3,

—THT%3T3y — T2 T 3T3) — T33T T (4.43)
Furthermore, through Theorem 48, we have that
T 4T+ T3 =X + X+ X3 (4.44)
THT? + THT? + TT%5 — T T? — T3T% — T?3T°,
= )\1)\2 + )\1)\3 + )\2/\3 (445)
THT?T? + T T2T? + THT% T3,
—TYT?3T3 — T?,T T3 — T35 T2
= AMA2A3 (4.46)

There is one more topic that should be discussed in this
section: that of main invariants. These are scalars that can be
constructed as sums of powers of eigenvalues.

Definition 131 (Main Invariants). We define main invariants
as the sum of powers of the eigenvalues; that is to say,

Ji =X+ Ao+ A3 (447)
Jo =AM+ A3+ A3 (4.48)
J3 =X+ 25+ A3 (4.49)

4.5 Higher-Order Tensor Decomposi-
tions

At this point, we consider ways to decompose tensors, specifically
of higher order than two. As it turns out, this topic is full of
nuance and complexity. The reader will be introduced to some of
the most pertinent tensor decompositions, as well as associated
topics related to tensors.
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It will be worth noting that this particular section will not be
of much use to mathematicians, but rather may be much more
applicable to computer scientists or any other profession which
principally regards tensors not as a multilinear map, but simply
as an n-dimensional array of numbers. Keep this in mind as we
continue throughout the section.

Before we discuss tensor decompositions, we must introduce a
couple of key concepts necessary to understand tensor decompo-
sitions. First is that of the mode. The reader is already familiar
with the order of a tensor; the mode is very much related to the
order. We define the mode as follows:

Definition 132 (Mode). A tensor of order n is considered to
have n modes, where mode-i corresponds to the ith indez.

As an example, a tensor of order 3 has 3 modes, mode-1,
mode-2, and mode-3. These are specifically the dimensions of
the tensor.

Additionally, we are also interested in types of “cross-sections”
of a tensor which are created by fixing certain numbers of indices.
There are two of these mathematical objects that are primarily
used; first between them is that of the fiber.

Definition 133 (Fiber). A fiber of a tensor is a vector that
is constructed by fixing every index of the tensor but one to a
constant. For a tensor of order 3, that means fixing 2 indices
to a constant, and for a tensor of order 4, that means fixing 3
indices to a constant.

It is easy to imagine why these mathematical objects are
called fibers, if we imagine a 3-tensor as a cubic array of numbers.
The second mathematical object of this variety is that of the
slice:

Definition 134 (Slice). A slice of a tensor is a tensor of order
two that is constructed by fixing every index of the tensor but two
to a constant. For a tensor of order 3, that means fizing 1 index
to a constant, and for a tensor of order 4, that means fixing 2
indices to a constant.
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Now that we have covered some of the basic concepts and
mathematical objects related to tensor decompositions, we in-
troduce two fundamental operations of tensors that we have not
covered before. The first is known as unfolding, and transforms
a tensor into a matrix like so:

Definition 135 (Mode-n Unfolding). The mode-n unfolding of
a tensor T', denoted
Ty (4.50)

is the matriz obtained by taking every mode-n fiber and stacking
them as columns.

It is easy to verify that there are n different unfoldings of an
n-tensor.

The second operation of relevance is that of mode-n multi-
plication, which is slightly more complicated. It is defined as
follows:

Definition 136 (Mode-n Multiplication). If T is a tensor with
dimensions i1 X ... X iy, X ... X1y, and A is a matriz with dimensions
J X i, then the mode-n product T X, A is the tensor whose mode-
n fibers are multiplied by A. The result is a tensor of size

P11 X oo X 1 X J X g1 X oo X ip (4.51)

This operation can be essentially thought of as a replacement
of the mode-n coordinate system with a new basis given by the
rows of A.

Before we discuss tensor decompositions, we must discuss the
primary method of matrix decomposition, which is known as
singular value decomposition. This takes a matrix and reduces
it into a product of simpler matrices, specifically two rotation
matrices and a diagonal matrix. This decomposition is notable
for its simplicity and its applicability to all matrices.

Definition 137 (Singular Value Decomposition). Singular Value
Decomposition, or SVD for short, is a method of decomposing a
matriz through factorizing a matriz M into two rotation matrices
U and VT and a diagonal matriz ¥ in between the two, like so:

M=UxVT (4.52)
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Our goal is to generalize this idea to higher-order tensors.
However, unlike matrices, tensors admit multiple non-equivalent
analogues of SVD, each emphasizing different structure.

We are already familiar with the rank of a tensor. We un-
derstand that a rank-1 tensor can be expressed as the tensor
product of vectors and dual vectors

Tiim =1 @.. 00" Q¢ ®..0 ¢, (4.53)

We must keep this in mind as we discuss our first method of
tensor decomposition, the canonical polyadic decomposition,
which takes a tensor and reduces it to a linear combination of
rank-1 tensors.

Definition 138 (Canonical Polyadic Decomposition). Canonical
polyadic decomposition expresses a tensor as a linear combination
of rank-1 terms. For example, for a tensor of order three, we

have
R

T = Z Nia; b; R ¢ (454)
1=1

The smallest R possible is known as the CP rank.

Canonical polyadic decomposition generalizes the idea of the
matrix rank to tensors. The decomposition of a tensor is not
unique. However, the main drawback to this decomposition
method is that computing CP rank is NP-hard; in other words,
that means that it takes a lot more time to calculate as complexity
increases.

The second notable method of tensor decomposition is known
as Tucker decomposition, named after American mathematician
Ledyard Tucker. This decomposition aims to be a higher-order
analogue of singular value decomposition, as we see below.

Definition 139 (Tucker Decomposition). A tensor T' of dimen-
ston i1 X ... X i, admits a Tucker decomposition of the form

T=Gx U xy..x, U™ (4.55)

where U®) is a matriz with dimension i, x r,, and G is called
the core tensor, with dimension r1 X ... X T,.
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This is closely analogous to SVD, where G is analogous to
¥, and U® is analogous to U,VT. The factor matrices give
a separate subspace/basis for each mode. Additionally, the
core tensor encodes the interactions between these mode-wise
coordinates.

These are the two primary methods of tensor decomposition.
They may not be of great interest to pure mathematicians, but
they are crucial to the applied mathematician or scientist’s
understanding of tensors.

4.6 Exercises

Exercise 1: Find the eigenvectors of the rotation matrix

4 0 -1 0
R;=11 0 0 (4.56)
0 0 1
This exercise is best for those who have not taken linear algebra

yet, as this would be routine for the student who has already
taken linear algebra.

Exercise 2: Find the eigenvectors of the shear matrices

1 2 0
S'i=10 10 (4.57)
0 0 1
and
(1 =5 0
S'i=10 1 0 (4.58)
0 0 1

Can you find a rule for the eigenvectors of any shear matrix?

Exercise 3: Is it true that all the eigenvectors of a given second-
order tensor span the relevant vector space? Why or why not?
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(You will need to examine the wording of this statement very
closely.)

Exercise 4: Find the eigenspace of the rotation matrix examined
in Section 4.1, for each eigenvalue: A =1, A =4, and A = —i.

Exercise 5: Prove that

(Hv,w) = (v, Hw) (4.59)

for a Hermitian matrix H and two vectors v,w € V.

Exercise 6: We define a normal operator N as an operator that
commutes with itself. Let W C V be a subspace of V' such that
weW = Nw e W. Prove that W+ is also invariant under
N; that is, u € Wt = Nuec W+,

Exercise 7: Based on Theorem 46, find the spectral decom-
position of a symmetric second order tensor T based on its
eigenvalues and orthonormal eigenvectors.

Exercise 8: The Cayley-Hamilton theorem states that pa(A4) =
0, where A is an operator and p4 is its characteristic polynomial.
Prove this theorem.

Exercise 9: Diagonalize the following matrix:

M = (4.60)

W N =
W NN
W w w

Exercise 10: Verify that one can diagonalize a matrix if and
only if the eigenvectors span the vector space.
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Exercise 11: Does any symmetric matrix have a principal axis
system? How about an anti-symmetric matrix? Prove your
claim.

Exercise 12: For those who are acquainted with multivariable
calculus, find the moment of inertia tensor for a solid sphere
with radius R and mass M.

Exercise 13: Prove Theorem 48.
Exercise 14: Find .J;, J5, and J3 in terms of Tij.

Exercise 15: Show that principal invariants do not change
under rotation of coordinates.

Exercise 16: How would you find the invariants of higher-order
tensors? (That is, tensors of order three or more.)

Exercise 17: For a 3-tensor of dimensions i X j x k, what will
be the dimensions of the matrix induced by mode-1 unfolding?
What about mode-2 and mode-3 unfolding?

Exercise 18: Show that

Exercise 19: Find the SVD of the following matrix:

M= G g) (4.62)

Exercise 20: Explain what happens if one or more of the U(®)
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matrices is the identity matrix. How does the formula for Tucker
decomposition simplify?

Challenge 1: If we consider a symmetric tensor T;,  ;, of
dimension d, consisting of an array of numbers specified to be
n X n X ... X n, the following theorem applies.

Theorem 49. The number of complex eigenvectors of T;, . i, 4

n n—1
% = (d—1) (4.63)

=0

(a) Prove this theorem.

(b) Is it possible to identify a symmetric tensor defined above
with the space of homogeneous polynomials of degree d and in n
variables? How so? Consider the relation of quadratic forms to
bilinear forms.

(c) Describe the dimension and characteristics of the tensors
corresponding to the following polynomials:

f(z,y,2) =2yz(z +y + 2) (4.64)
f(x,y) = 2%+ 22y + ¢* (4.65)

f(@,y, 2,w) = wyzw + 2 + 2yz + w® (4.66)
flrr, 20, cyzpn) = (T1 + 22+ o + 2,)P (4.67)

(d) Using the cubic function f(z,y,2) = 2® + y3 + 23, de-
termine the number of eigenvectors that a 3 X 3 x 3 tensor can
have.

Challenge 2: The Faddeev-LeVerrier algorithm is defined as
follows:

Definition 140 (Faddeev-LeVerrier Algorithm). The Faddeev-
LeVerrier algorithm is an algorithm used for calculating the
coefficients c; of the characteristic polynomial |)\5§- — A;| It is
defined recursively:

My=0, ¢,=1 (4.68)
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1
My = AMy_1 + Cn—k+11, Cpn—k = —EtT(AMk) (469)

(a) Rederive this algorithm.
(b) Can you construct another algorithm that calculates the
coefficients of the characteristic polynomial?

Challenge 3: Write a paper on potential novel applications of
tensors to a field of your interest, particularly concerning the use
of modes, fibers, and slices.

Challenge 4: Construct a novel algorithm for higher-order
tensor decomposition, either CP, Tucker, or a different kind.
How does it compare to the current standard?
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CHAPTER 5

Coordinate Systems and Change
of Basis

5.1 Contravariant and Covariant Com-
ponents

Now that we have developed much of the foundations for under-
standing tensors, it is time to switch gears into a more geometric
point of view from our algebraic fundamentals. Even so, much of
the content may be familiar to the reader, but it will be written
again here for the sake of clarity before the coming chapters on
differential geometry. We begin with a simple definition of the
position vector:

Definition 141 (Position Vector). The position vector is some
vector r that represents the position of a given point in R™,
relative to another point called the origin, which is labeled O.

Every time we have represented a point in Cartesian coordi-
nates by the ordered pair (z,y), or perhaps the ordered triplet
(z,y, z), we have been describing a point using the position vec-
tor. This definition is simply a more general equivalent to the
aforementioned examples.

Recall the definitions of contravariance and covariance. Some
objects are contravariant; that is, they transform in a certain
way, and some objects are covariant; that is, they transform
in the opposite way. An example of an object that transforms
contravariantly is the vector. It transforms against the basis.
That is to say, if the basis rotates by a quarter of a full turn,
from the basis’ “point of view,” it will be as if the components
of the vector are rotating by a quarter of a full turn the other

145



146 Chapter 5. Coordinate Systems and Change of Basis

way. It is in this sense that we mean that a vector transforms
contravariantly.

Let us consider an example of an object that transforms co-
variantly: the gradient vector of a function V f. If the coordinate
basis is scaled by a factor n, so too is the gradient.

We have seen much of this content before. Now, let us define
a coordinate system in Euclidean space, so we may begin to see
the geometric properties of vectors, bases, and the metric.

Definition 142 (Coordinate System). A coordinate system, for
now, is a bijective mapping x* = x*(r) that takes a vector in R™
and assigns to it n numbers in R, each one called coordinates of
the vector.

We will see later on in the book how to define a coordinate
system on a manifold, but for now, it is perfectly fine to only
consider coordinate systems in R”, as that is where we will be
working for the majority of the chapter. There also exist tangent
vectors in R™, which we define below:

Definition 143 (Tangent Vector). A wvector given by

_Or
T Ot

(5.1)

€

is called a tangent vector.

These vectors are called tangent vectors because, when we
apply the partial derivative operation in a certain way, we are
able to create a tangent line, plane, or space of some kind. Note
that we also label tangent vectors as e;. This is because they
constitute a basis of R"™, as we will see below.

Theorem 50. Tangent vectors are linearly independent and
span R™.

Proof. We begin with the claim that tangent vectors are linearly
independent. We show this by taking » = ;. We have that

(5m) @) =4 (52)
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That is to say, the partial derivative of 27 with respect to z? is
equal to 1 if 4 = j, and 0 if ¢ # j. Furthermore, let us show that
we can construct R™ from all e;. We can think of the tangent
vector as the n-tuple

or

ozt

where 1 is in the ith position. We are able to construct a linear

combination of tangent vectors

or or

1 1

v=a ﬁ—l—...—i—anﬁw(a sy @) (5.4)

which we see is equivalent to the ordered n-tuple on the right-

hand side, where a!,...,a™ € R. Furthermore, we see that the

set of all n-tuples of the above form describes R™. Therefore, as

the set of tangent vectors span R™ and are linearly independent,

they constitute a basis of R™. O

~(0,...,0,1,0,...,0) (5.3)

We have seen that the covariant basis e; is recovered from
the position vector by differentiation with respect to each of its

coordinates:
or

ox’
Now we will see some basic examples of coordinate transforma-
tions, before we delve deeper into transformation rules in the
second section of the chapter.

Let us consider a coordinate system z° = z(r) and another
coordinate system Z' = T'(r). These describe R", yet assign
different coordinates to each point. Let us observe the covariant
law of transformation:

(5.5)

€i

Theorem 51. Given two bases for coordinate systems e; and €;,
we have that these two are related by the following equation:
_ Ox7
Proof. Consider €;. We have that
__or or 0x7

“T o ol o7 5-1)
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by the multivariable chain rule (do not forget the Einstein sum-
mation convention here, although it is tricky to spot). By the
definition of a tangent vector, we have that this is equal to

oz7

€;—

J afi

giving us the desired result. O

(5.8)

Similarly, there also exists a contravariant law of transforma-

tion:
P 5.9
P=ve (5.9)

It will be left to the reader as an exercise to verify this law.

Now, let us understand vector and tensor transformations.
We have seen some of this before, so hopefully this should not be
completely new to you. We consider the vector v = v;" = vle;
and the second-order tensor T'= T"e; @ e; = T;;0' @ ¢/ = ...
We can apply these transformation laws as well. We are able to
do so below:

- , L 0x? . Oz’ O’
.ot =Y - = . - =7 - 5.10
Vg =0 P (0P =P (50)
Therefore, we have that
- Oz’
P =7 — 5.11
V' =70 97 ( )
We have seen this before as
vl =0l Al (5.12)
Similarly, we have
oz’
=V e; =T 5.13
Vi =€ =TUjp g (5.13)

according to the covariant transformation law. Tensors of order
two transform in the expected manner:

T = 'Ty? (5.14)
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0x' 0x7
= ——T 5.15
ozk ozt (5.15)
Tensors of order three and higher transform similarly. The
derivation of the transformation laws for tensors of order three

will be left as an exercise for the reader.

5.2 Transformation Rules

In this section of the chapter we shall provide a more detailed ex-
planation of tensor transformation rules, as well as a particularly
important example in the identity tensor and its transforma-
tion. Tensor transformations can be easily found simply by
following certain reasonable rules concerning indices, but we
have been able to derive some of the transformation rules before
(and hopefully by this point you have worked on some exercises
similarly deriving more). We will continue our excursion into
tensor transformations.

We consider the vector. The vector itself, being an invariant
object, has no indices, yet the components of the vector have
indices, like so:

v =1v'e; = v (5.16)

Recall that the Einstein summation convention applies here.
Similarly, the tensor itself being invariant has no indices, yet its
components may have any number of indices:

T=TVe;®e; =Ty @ =T e, @9 =T p' @e; (5.17)

Notice that for every contravariant index in the component of the
tensor, there exists a basis vector in the tensor product, whereas
for every covariant index in the component of the tensor, there
exists a dual basis vector in the tensor product. When working
with tensors, we commonly consider just the components, just as
when we work with vectors, we usually work with the components
of the vector instead of the abstract invariant object, since we
want the numbers to transform in the appropriate ways.
Before we move onto more on transformations, we briefly
review the metric tensor and the inverse metric. The metric
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tensor can be defined as

gij = (ei, ;) (5.18)

and the inverse metric can be defined as
9" = (", ¢%) (5.19)

The metric tensor can be used to “lower” the index of a given
tensor; that is, we can transform one of the indices of a tensor
from contravariant to covariant, whereas the inverse metric does
precisely the opposite.
Why is this the case? Let us derive this phenomenon. We
understand that
v = (v, ) (5.20)

This is because
(v,¢') = (v'ei, ¢") = v'{ei, ") = 0'6; =v'(1) =0 (5.21)
Then, we are able to say that
(v,0") = (v,97¢;) = (v;¢7, g7 ¢;) (5.22)
= ngij<cpj7 ej) = ngijég = ngij (5.23)
In this way, we have demonstrated another way to prove that
the metric tensor lowers the index of a vector. We can utilize

a similar proof to show how the metric transforms a covariant
index into a contravariant index:

v; = (v, e;) = <v,gij<pj> (5.24)

= <Uj€j,gi3‘90j> = Ujgij <€ja¢j> = Ujgij (5.25)
To examine how the metric tensor and the inverse metric affects
tensors, we need to understand one simple relation:

T = p'T (5.26)

as well as other, analogous relations for tensors of various types.
The derivation of this specific identity will be left as an exercise
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to the reader. Moving on, using the properties of the metric on
basis vectors,

T = 'T(g'%ey,) (5.27)
= (g"et)T(g""er) (5.28)
=T'g" (5.29)
= 9" Tirg™ (5.30)

Therefore, the formula for taking a tensor with two covariant
indices and transforming it into two contravariant indices using
the metric tensor and its inverse can be easily found above. The
reader should be able to generalize the general concept of raising
and lowering indices to higher dimensions.

We consider a special case of tensor transformation now. We
define the identity tensor as follows:

Definition 144. The identity tensor I'; is defined as the tensor
such that o A
I'ja! = o (5.31)

In fact, this is another name for a type of tensor that we
have seen before. Do you know what tensor this identity tensor
is equivalent to?

Interestingly, when we raise or lower the indices of the identity
tensor, we recover the inverse metric and the metric tensor,
respectively. We derive this claim as follows:

IV = oIyl = <<pi,apj> =g (5.32)

Similarly,
Iij = 67;163‘ = <€7;,6j> = gij (533)

In this way, we are able to represent the identity tensor I as
I=gi0' ®¢ =g7¢; ®e, (5.34)
If the basis is orthonormal, which means that (e;, e;) = 6;, then

n

I=Y ewe (5.35)

i=1
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It will be left to the reader to verify this statement.

We have seen a manner of different transformations in the
past two sections. We have seen how tensors and vectors react to
coordinate transformations according to the contravariant and
covariant law, as well as combinations of the two. We have also
seen how the metric tensor is able to raise and lower indices
on a vector or tensor. Now, we will examine some examples of
coordinate transformations and change of bases in Euclidean
space.

5.3 Examples in Euclidean R"

To supplement our understanding of coordinate systems and how
they transform according to a change of basis, we will see below
several simple examples that will serve to enhance the reader’s
conception of how we are able to mathematically analyze the
properties of coordinate transformations. We will examine these
coordinate transformations not yet on any manifold; that will be
reserved for the second part of this book and beyond. Instead,
we will be working in R™, or n-dimensional Euclidean space. For
these particular examples, we will be looking at R? and R3.

We are familiar with linear coordinates; that is, the coordi-
nates (z,y, z) € R? such that the basis {e1, ez, €3} is orthonormal,
positively oriented, and unchanging. That is to say, e; runs along
the = axis, ey along the y axis, and ez along the z axis. Let
us consider, for a moment, two-dimensional linear coordinates,
(z,y) € R? and its transformation to polar coordinates. Polar
coordinates, instead of considering x and y as if the Cartesian
plane were to be subdivided into squares of length 1, considers r
and 6, where r is the radius of the point from the origin, and 6 is
the angle made between the z axis and the line containing (r, ),
passing through the origin. This angle is taken counterclockwise,
from the x axis to the line the point sits on. It is easy to see
that

r =22+ y? (5.36)
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and
0 = arctan % (5.37)

This is a simple exercise in trigonometry, which the reader may
wish to perform. Meanwhile, the equations converting polar to

linear coordinates are
x =rcosf (5.38)

and
y=rsinf (5.39)

We begin by taking the derivatives of z and y with respect to r
and 6. For z,

ox
— = 4
5 cos (5.40)
and 9
xz .
20 =" sin 0 (5.41)
For y,
% =sinf (5.42)
and 5
Y
—= = A4
20 rcos 6 (5.43)

We can construct a matrix from these partial derivatives called
the Jacobian matrix, which we have seen before in the book. It
consists of the matrix

ot ozi) _ (cosf —rsinf) —y
(37’ 39) o (sin@ rcosé)) - ( x ) (5.44)

By taking the inverse of this matrix, we will find the reciprocal
derivatives:

) o\ —1 3 z
9wt B cos 6 sind\ -

or 80 _sinf cos6 | — | _ Y
o

T T

Se38

) (5.45)

By performing this exercise, we have found the transformation
matrix of basis vectors from the linear or Cartesian coordinate
system to the polar coordinate system, and back again, in R2.
Now, let us perform this exercise in R?, using cylindrical coor-
dinates. We define cylindrical coordinates using three variables:

HERTS
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1. r, the radius of the projection of the point onto the xy-
plane,

2. 0, the angle with respect to the = axis that the projection of
the point onto the zy-plane makes, as in polar coordinates,

3. z, equivalent to the z coordinate in Cartesian coordinates.

We can derive three equations converting linear coordinates to
cylindrical coordinates as follows:

r =2+ > (5.46)

0 = arctan 2 (5.47)
T

z=z (5.48)

Similarly, we can derive three equations converting cylindrical
back to linear:

x =rcosf (5.49)
y=rsinf (5.50)
2=z (5.51)

Therefore, we can construct the Jacobian matrix as follows:

cosf) —rsinf 0
J=|sinf rcosfd O (5.52)
0 0 1

We can easily find the inverse of this matrix, which is presented
as follows:

z ¥ o0
Jh=1-% % 0 (5.53)
0 0 1

The observant reader will notice something odd, however. If you
try to apply the Jacobian matrix to a vector, it will not give the
correct components for the transformed vector. Why is that?
The answer will be left as an exercise for the reader to think
about, to ensure that the reader understands these coordinate
transformations on a deep level.
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Let us consider the rotation of the zy-plane counterclockwise
by 7/2. We can represent two coordinate systems, (x,y) and
(2',y") using these equations:

=y (5.54)

y = —x (5.55)

The Jacobian is therefore

oz’ oz’
or Oy | _ ( 0 1) (5.56)
8 ’ 8 ’ —_— _ .

( G aZ) 1o

And the inverse Jacobian is

((1) _01) (5.57)

Interestingly, we can use the Jacobian matrix to calculate inte-
grals with regard to a change of variables. The proof to this
theorem can be found in any multivariable calculus book:

Theorem 52. Consider two regions R in the xy-plane and S
in the uv-plane such that x = g(u,v) and y = h(u,v), and g,h
are bijective. If f is continuous on R, then, when the theorem is
applicable, we have the following:

||| @ wdets = || ratuo)heuo) 5| dun (559
R
where ‘ggz‘z; is the Jacobian matrix
T ox
o(x, u v
G| =% o (559)
ou ov

5.4 Curvilinear Coordinates

In particular simplistic applications, we prefer to use linear
coordinates. However, there exist a second type of coordinates
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that may often be used called curvilinear coordinates. These
are coordinate systems where the coordinate lines may not be
completely straight. We have seen cylindrical coordinates in the
previous section; as these contain curved coordinate lines, this
coordinate system is a curvilinear coordinate system. Similarly,
we will see spherical coordinates later on in the section; these
are also curvilinear.

Our primary goal in this section will be to see how certain
operations transform from linear to curvilinear coordinates; in
this case, we will be considering the gradient, divergence, and
curl. We begin by expressing the basis vectors for cylindrical
coordinates e,,eg, e, in terms of the Cartesian basis vectors
€x, €y, Ez!

e, = cos(f)e, + sin(f)e, (5.60)
ep = —sin(f)e, + cos(f)e, (5.61)
€, = e, (5.62)

Inverting our formulas, we obtain

e, = cos(f)e, —sin(f)eqy (5.63)
ey = sin(f)e, + cos(0)eq (5.64)
And, of course,
€, = e, (5.65)
We recall the formula for the gradient:
of of of
Vi(z,y,2) = %eac + 67y6y + gez (5.66)

Through the chain rule, we expand this expression:

_(oror o100 050z,
S \ordx 900x 9z90xr) °

L(o10r ojo0 orozY
ordy 000y 0z0y) Y
CLRTNTN

ordz 900z 0z 0z (5.67)
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Recalling the Jacobian of the linear-to-cylindrical coordinate
transformation, we simplify:

(3f 8fsm9>
= = cosft — e

or a9 r
of . Of cosf af
+ (8r sin 6 + 20, ) ey + 5,6 (5.68)
However, recall the equations for e, ey, €, in e,, eg, e,. We write:
_(Of af sin 6 .
= <3r cos — =5 — ) (cos(f)e, —sin(f)ep)

of . Jf cosb . af
+ ((% sin 6 + T > (sin(f)e, + cos()eq) + 5, (5.69)

Simplifying, we obtain
Of sin? 0 af

O os? of O in?
5y €08 (9) 50 5 ©0 + 5y S0 (0)e,
Of cos® 0 0
ai'gcoi' ey + 87:]‘:62 (570)
0 of 1 0
- af € + ai‘gf €p + Ffez (5.71)

We have thus derived the formula for the gradient in cylindrical
coordinates. Now, we consider the divergence:

Of. | 0f, _Of.
or + oy + 0z

V.-f= (5.72)
But f, = frcosf — fesinf and f, = f.sinf + fycosf, as we
recall from the way we express Cartesian basis vectors in terms
of cylindrical basis vectors. Therefore, we have

O(frcos0 — fgsin®)  O(f.-sinf + fgcosd) Of,
ox dy 0z

O(frcos — fpsinb) I(frcosf — fpsin @) sin
= cosf —
or 06 T

(5.73)
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O(frsinf + fgcos @) O(frsin@ + fpcosf) cosb

ar sinf+ a0 r
of.
.74
+ 9% (5.74)
. 8f7‘ 2 af@ . 8fr ) af@ .
=5 cos“ 0 o sin @ cos 0 + o sin® 6 + o sin @ cos 0
Jdf, sin @ cos 6 sin? 6 Ofy sinZ 4 n sin 6 cos 6
- vy 0

00 T tr r + o0
afrsinﬁcosﬁJr Tcos29+%cos29
00 r r a0 r
sinfcos®  Of,
7_‘_7

—fo . P (5.75)
_Ofr  fr Ofsl  OF
T or + r + 00 7"+ 0z (5.76)

ar r ' 90 r 0z
Let us examine the curl:

N of. of. of, of.
fo_(ay az)e””J’(az aa:)eﬁ(a; 8y>ez

(5.78)
We will go term-by-term:
of. of. . df, cosb
oy~ or sinf + 50 (5.79)
afy _ O(frsinf + focos®)  Of. [0
% P =%, sin @ + P cosf  (5.80)
Ofe  O(frcosb — fgsinf)  Of, dfe .
9 = P =3, cos 6 9 sinf  (5.81)
of. 0f. Of, sinf
% = B cos — 20 o (5.82)
Ofy  O(frsinb + fgcosb) I(frsinf + fpcosf) sin b
— = cosf —
ox or 00 T
2
= %sinecose—i— %60829 _ Ofrsin’0

or or a0 r
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sinfcosf  Jfpsinfcosb sin? §
r . 90 + fo , (5.83)
Ofr  O(frcosf — fgsinf) . O(frcos@ — fgsin@) cosb
= 0
y or S0+ 00 r
_Ofr . Ofs . o Of, cos? 0
=5 sin 6 cos 6 Wsm 0+ % r
sinfcosf Ofysinfcosb cos? f)
—fr _ 9% — /s (5.84)
r a0 r r

Considering e, ey, e, we calculate (with great suffering):

<8y _82y>6x+<8z a 8z)ey

_(Of. . 8fzcos6‘_3f,, . _%
= (87“ sin @ + % 1 9% sin 0 9% cos 0

(cos(f)e, —sin(f)ep)
+ (8fr cos f — % sin 6 — 0/ cos 6 + 0/ sm@)

0z 0z or a0 r
(sin(f)e, + cos()ep) (5.85)
(01 f of. | 0f
- (ae r - ) 67‘+< or 92 ) (5-86)
Ofy Ofe\, _ (% _0f1 .1
( ox Oy ) = ( or 90 r + fer “ (5:87)
Therefore, at last, we have finally computed the curl in cylindrical
coordinates: 9.1 of
_ =+ YJe
vxf_(@@r 8z)eT
~of. | Of; 1 8(7‘]‘9)_(’)]‘}
+< 8r+8z)69+r( 5 20 ) & (5.88)

Before I end this section, the reader should also be acquainted
with spherical coordinates, which consist of r, the total distance
from the origin, 6, the angle made between the projection of the
point onto the zy-plane and the x axis, and ¢, the angle made
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between the point and the zy-plane. In Cartesian coordinates,
we have:

x = rsin ¢ cos b (5.89)
y =rsin¢sinf (5.90)

and
zZ=rcos¢ (5.91)

Furthermore, for the basis vectors, we have

e, = sin ¢ cos fe,, + sin ¢ sin e, + cos pe, (5.92)
ep = —sinfe, + cosbe, (5.93)

and
ey = cos ¢ cos e, + cos ¢ sin fe, — sin ge, (5.94)

I will not derive the gradient, divergence, and curl in spherical
coordinates, as it would take up too much space; the reader
should derive them for practice. However, the formulas are
presented below:

of 10f 1 of

vf:a ety 8¢¢+rsin¢%€9

(5.95)

1 vy 1 0
rsing 00 + rsin ¢ 0¢ g (1 9vs) (5.96)

9
V-f:%a(ﬁfr)—&—

1 0 3U¢
rsin ¢ ( 0¢ (sin gvg) — 00 >

1 v 1 1 Ov

(B ) (a5 - B o
One last note is that physicists and mathematicians use different
conventions for spherical coordinates. We have used the math-
ematical convention: 7,6, ¢, in the order described above. The
physical convention is 7, ¢, 8, where ¢ is swapped with 0 in terms
of function. In the case that you are a physicist or will read
physics literature, bear this one caveat in mind.

Vxf=
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5.5 Metric and Levi-Civita Symbols

We now cover certain symbols and tensors that we have seen
before in slightly more detail. We have seen both the metric
tensor and the Levi-Civita symbol before, in various applications.
Both of these mathematical objects are crucial to tensor calcu-
lus, and their properties may be used in both calculation and
proof, regardless of whether the reader is concerned with pure
mathematics, physics, or engineering.

We begin with the metric tensor. The metric tensor is hardly
unfamiliar; we define it as the inner product of two basis vectors,
as such:

gij = <€i,€j> (598)

In that way, the metric tensor depends on the coordinate system
that we are using. We are able to calculate the inverse metric
tensor in a rather straightforward manner, as well:

g gk = 0}, (5.99)

As we have discussed before, the inverse metric multiplied by
the metric tensor gives us the Kronecker delta, or the identity
matrix (in the matrix formulation).

The dual basis, which we have seen all the way back in
Chapter 1, may also be known as the contravariant basis; we
define it as follows:

Definition 145 (Contravariant Basis). The contravariant basis
is defined as the set o' such that

@' =ge; (5.100)

Recall that we are taking the sum of the terms over all the j
indices, by the Einstein summation convention.

The metric tensor allows us to calculate distance on a given
surface or manifold. We consider the line element, which is
defined as follows:
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Definition 146 (Line Element). The line element ds is defined
as
ds* = g, dxtdz” (5.101)

where p and v are summed over, as in the Finstein summation
convention.

Recall that dz* is contravariant, and transforms contravari-
antly. In Cartesian space, the line element should look very
familiar; that is, given the metric for the Cartesian coordinate
system

100
g =10 1 0 (5.102)
0 0 1
We have that
ds* = 1(dz)(dz) + 0(dz)(dy) + 0(dz)(dz) + ... (5.103)
= d2® + dy* + d2? (5.104)

Now, given this line element, we are thus able to convert to
different coordinates, provided we are given a correspondence
between one set of coordinates and the other. For example,
we recall that the equation convering spherical coordinates to
Cartesian coordinates looks like the following:

x = rsin¢cosf (5.105)
y =rsin¢sinf (5.106)

and
2 =1C08¢ (5.107)

We derive the line element for spherical coordinates like so:

ox Ox ? dy dy
2 <z
ds (8 dr + d9+8¢d¢) +(8rd7"+ d0+a¢d¢)>

0z 0z 2
(adr + —d& i ¢d¢>> (5.108)
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= (sin ¢ cos Odr — rsin ¢ sin Odf + r cos ¢ cos Odp)*
+(sin ¢ sin Odr + 7 sin ¢ cos 0dO + 7 cos ¢ sin Odg)?
+(cos ¢dr — rsin ¢dg)? (5.109)
= sin® ¢ cos® 0dr? — 2r sin? ¢ sin 0 cos Odrdd
+2r sin ¢ cos ¢ cos? Odrdeg + 2 sin? ¢ sin® 0d6?
—2r% sin ¢ cos ¢ sin 0 cos 0dOd¢ + 2 cos? ¢ cos? Odp?
+sin? ¢ sin? @dr? + 2r sin? ¢ sin 6 cos Odrdf
+2rsin ¢ cos ¢ sin? Odrdeg + 12 sin? ¢ cos? 0dbH>
+27r2 sin ¢ cos ¢ sin 6 cos Odfde + r? cos? ¢ sin? Odg?
+ cos? ¢dr? — 2rsin ¢ cos ¢pdrde + 2 sin? ¢dg? (5.110)
= dr? + r?sin? ¢db? + r?de? (5.111)

As we can see, it is fairly simple yet somewhat tedious work
when it comes to deriving the line element for another set of
coordinates based on a set of equations denoting the coordinate
transformation.

Notice that, then, we are able to represent the arc length of
some curve S in terms of the metric:

dxt dxv
L= | ds= y—— ——dt 5.112

This allows us to calculate certain simple shapes on manifolds
rather easily without relying on Cartesian coordinates.

A few more key terms regarding the metric: we may speak
of putting the metric into its canonical form, which is simply
defined as follows:

Definition 147 (Canonical Form). The canonical form of a
given metric is the resulting matriz when the metric is arranged
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in this specific order:

-1 0 0 0 0 0
0 0 0 00 0
0 -1 0 0 0 0
0 0 1 0 0 0
g =10 0 0 00 0 (5.113)
0 0 0 10 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

In other words, we put the —1s on the diagonal first, then
the +1s, and then any remaining 0s. We define the signature of
a metric below:

Definition 148 (Signature). The signature of a metric is the
number of its positive and negative eigenvalues. For example,
Minkowski space, with one negative eigenvalue and three positive
eigenvalues, having the diagonal matriz diag(—1,1,1,1), has
signature minus-plus-plus-plus.

Furthermore, we are able to categorize the metric like so:

Definition 149 (Types of Metrics). The metric tensor can have
the following descriptions:

¢ Riemannian: If the signature is positive at every point,
the metric is Riemannian.

o Lorentzian/Pseudo-Riemannian: If the signature has
a single negative, but all other eigenvalues/entries on the
diagonal are positive, then the metric is Lorentzian, or
pseudo-Riemannian.

o Indefinite: If the metric is neither of the above, then the
metric is indefinite.
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We continue onward with the Levi-Civita symbol. However,
before we reintroduce this character in tensor calculus to the
reader, we must consider the definition of the object which it is;
for the Levi-Civita symbol does not quite transform like a tensor,
but rather transforms like something called a tensor density.

Definition 150 (Tensor Density). A tensor density is a mathe-
matical object D which may have indices that follow this property
during coordinate transformation:

g|m

ox*
oxt

D = (5.114)

for some n.
We call this n the weight of the tensor density:

Definition 151 (Weight). The weight n of a tensor density is
a number that denotes the power to which the Jacobian is raised
in the transformation equation of the tensor density.

Note that a tensor is essentially a tensor density of weight 0.
Now, we redefine the Levi-Civita symbol, not exactly a tensor
but a tensor density:

Definition 152 (Levi-Civita Symbol). The Levi-Civita symbol
18

1 i1, ..., 1 1S an even permutation of 1,...,n
€iy.i, =8 —1 iy,...,40, is an odd permutation of 1,...,n

0 otherwise
(5.115)

The curious reader wonders, why is this not a tensor? We
present the following formula without proof, though the reader
may verify this statement for lower-dimensional matrices if they
wish:

6111141|A| = GilminA“i/l...AZ"i/ (5.116)

n
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Let Ain; = Oz’ /dain. We obtain

Ox'in ozt Jxin

€4t il Drtn = Eil...z‘nﬁ-~-ax% (5.117)
Multiplying by the inverse determinant, we obtain
dx'n dzt Oxin

It doesn’t take a rocket scientist to determine that this symbol
does not transform like a tensor. In fact, one observes that it
appears to have weight 1.

5.6 Epsilon Tensor

However, one may note that it is actually possible to turn a
“modified” Levi-Civita symbol into a tensor. We simply apply the
following process. Let us multiply the Levi-Civita symbol €;, .. ;,
by the square root determinant of the metric \m . Consider
how this new object transforms:

o e, = 2| V| 2|0, 2 2
gt = IEIN gt | in it Dt
(5.119)

_ gz dain
— V9@ )es,. .o, — = (5.120)

i G D
This mathematical object transforms like a tensor! We call this
the epsilon tensor:

Definition 153 (Epsilon Tensor). The epsilon tensor is defined

as
€irin = V9l€0 a0 (5.121)

One important thing to note is that this tensor is also known
as the Levi-Civita tensor. In certain literature, the notation
is flipped; € denotes the tensor whereas € denotes the density.
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However, because € is often used to denote the symbol, I have
elected to use € for the tensor instead. Additionally, the epsilon
tensor, or Levi-Civita tensor, may also be represented by F.
Note that, in two dimensions, the square root of the de-
terminant of the metric tensor is also denoted as vV EG — 2,
where E, F, G are the coeflicients of the first fundamental form.
Therefore, the epsilon tensor in two dimensions can be written

as
gij =V EG — FQEij (5122)

Since the epsilon tensor is a tensor, it is possible to define the
epsilon tensor with raised indices rather than lower indices. We
define the Levi-Civita symbol with upper indices as follows:

Definition 154 (Levi-Civita Symbol (Upper Indices)). The
Levi-Civita symbol with upper indices is denoted by

et = sgn(lgl)eis..., (5.123)

where sgn(|g|) represents the sign of the determinant of the metric
tensor.

By doing so, we are able to construct a tensor like so:

Definition 155 (Epsilon Tensor (Upper Indices)). The epsilon
tensor with upper indices is denoted by

S 1 .
gll...zn — €ll-~~1n (5124)

gl

_ sgn(lg])

Vgl

If we recall the operation of contraction of tensors, we may
contract the epsilon tensor; in fact, it turns out that if we contract
m indices of the epsilon tensor, we have the following:

€i1"'imjm+1"'jnéil'”i"LkTILJrl“.k?L = (—1)pm!(n — m)'é,[i::rll 5%2]
(5.126)
where p is the number of negative eigenvalues of the metric, or,
in canonical form, the number of —1s. The reason for this will
become clear. First, we present a lemma without proof:
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Lemma 7. We have that

eing g, =nlol g0 (5.127)

€

Consider how the Levi-Civita symbol consists of both 1s and
—1s, so one can assume that there is an element of antisymmetry
in the resulting product. Additionally, consider the arrangements
of the top indices in the Kronecker delta symbols. There are n
indices, so the number of possible permutations of the indices
is n! (we do not antisymmetrize the bottom indices, because we
are already antisymmetrizing the top indices; we do not need to
antisymmetrize the bottom indices to produce the combinations
of indices we are looking for).

Now, notice that when we are contracting m out of n indices,
there are m! possible permutations of the contracted indices, and
therefore (n —m)! possible permutations of the non-contracted
indices on the top (we do not see the contracted indices on the
right-hand side because they have “disappeared,” because the
top and the bottom canceled out with each other). However,
consider the (—1)P at the very front of the right-hand side, where
p is the number of negative eigenvalues of the metric. This
turns out to be equivalent to the sign of the metric determinant.
Therefore, because the Levi-Civita tensor with upper indices
implies a multiplication by a factor of (—1)P, we obtain the
desired result.

Unfortunately, there are no elementary properties that we
can build off of to prove this identity, but we can reason through
with some intuition and understand it that way.

Now, we return to the topic of the volume element, with
a broader understanding of the epsilon tensor and Levi-Civita
symbol. Let us define the expression d"z as the following:

1

dz = mem“_#ndx“l A ... Ndxhn (5.128)
We consider the way this mathematical object transforms with
regard to a coordinate change, hoping that it will transform as a

tensor does. We consider first the Levi-Civita symbol:

! !’
1 |0x* OxFr  Qxhn
— =€y —_— .
n! [Gzn’ | P G T Ggin

dzHt A LA datr (5.129)
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Then we consider the wedge product of the dx*, where each
differential transforms exactly as we have seen:

- | 0nh | Ow' Dult | 0sl it o
= ol oo €yl Dl Dk G Dk x X
(5.130)
1 |0xzH , ,
= 1| g | Gt A A e A datn (5.131)
83:” 1 , , 8.1““
= a0 | 3¢ / P My — n, ./
G n!el’bl"‘undaj Ao Nde ‘&TW d"z (5.132)
Therefore, we may conclude that
o+
n, ./ _ n
d'e' = |z d"e (5.133)

This is precisely why, when we change coordinates in multivari-
able calculus, we multiply by the Jacobian determinant:

//Rf(a?,y)dxdy://Sf(g(u,v),h(uvv))’ggzzgg

This object therefore appears to transform like a tensor den-
sity. However, by multiplying the object by /|g|, we create an
invariant object that we call the volume element:

VIgld e = Jgd"z (5.135)

This allows the integral when we calculate a volume of sorts to
remain the same no matter which coordinate system we choose,
which is extremely helpful for performing calculus on manifolds,
which we will explore in greater detail later. We are therefore able
to integrate a scalar function f(x) over a manifold of dimension
n, by the following formula:

dudv (5.134)

Theorem 53.

V:/f(x)\/@d"x (5.136)
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This equation may leave you with more questions than an-
swers, to be honest. What is a manifold? Why does it have
dimension n? How are we able to actually perform calculus
on these mathematical objects? The answers to all of these
questions lie in Part II of this book.

5.7 Exercises

Exercise 1: Verify that the two examples of contravariant
and covariant objects really are contravariant and covariant,
respectively. Can you think of other contravariant and covariant
mathematical objects?

Exercise 2: Verify the contravariant law of transformation,
using the proof for the covariant law of transformation as a
guide.

Exercise 3: Show that ¢*-€; = 0} using the transformation laws
from before, and given that ¢ - e; = &} in a different coordinate
system.

Exercise 4: Verify that differentials of coordinates also trans-
form according to contravariant law. Accomplish this by taking
some dx" and attempting to derive a dz”’.

Exercise 5: Derive at least three transformation laws for a
tensor of order three.

Exercise 6: Verify that 7% = ¢'Tp7.

Exercise 7: Generalize tensor transformation laws using both
partial derivatives and metric tensors to tensors of order n.
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Exercise 8: What is another name for the identity tensor?
Exercise 9: Verify that
I= zn:ei ® e; (5.137)
i=1
if the basis is orthonormal.

Exercise 10: Verify that the equations converting linear (Carte-
sian) coordinates to polar coordinates and backwards are the
ones mentioned in the text.

Exercise 11: Verify that the Jacobian which transforms polar
coordinates to Cartesian coordinates is as follows:

z
T

0
. 0 (5.138)
0 1

=RIEETS

Exercise 12: Why is it that the Jacobian matrix does not
transform components of a vector correctly? [Hint: Think about
how vectors and basis vectors transform.|

Exercise 13: If R is the region bounded by the square with
vertices (0,1),(1,2),(2,1),(1,0), find the integral

//R (z+y)°e* YdA (5.139)

Exercise 14: Find some mathematical object that you are able
to correctly apply the Jacobian operator to. What object is it?
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Exercise 15: Derive the formula for the gradient V f in spherical
coordinates.

Exercise 16: Derive the formula for the divergence V - f in
spherical coordinates.

Exercise 17: Derive the formula for the curl V x f in spherical
coordinates.

Exercise 18: The Laplacian V2f = Af is equal to V - (Vf),
where f(z,y,z) is a scalar function. Find the formula for the
Laplacian in Cartesian, cylindrical, and spherical coordinates.

There is another, more elegant way to derive the gradient, di-
vergence, and curl for any coordinate system. The following
exercises will walk you through this process. Consider the in-
finitesimal displacement vector,

dl = f(du)e, + g(dv)e, + h(dw)e,, (5.140)

where u,v,w are the variables in the coordinate system, and
f,g,h are functions specifically dedicated for that coordinate
system. For instance, in Cartesian coordinates, f =g=h =1,
in cylindrical coordinates, f = h = 1,9 = r, and in spherical
coordinates f = 1,9 = r,h = rsin ¢. We begin:

Exercise 19 (The Gradient): We consider the following
expression:

ot ot ot

We can express this in terms of the inner product,

dt = Vit - dl (5.142)

Use these formulas to derive the gradient.
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Exercise 20 (The Divergence): To calculate the divergence,
we calculate the integral ¢t - da of a vector function ¢ over
an infinitesimal surface starting at (u,v,w) and ending at (u +
du,v + dv,w + dw). Let dr = dl,dl,dl, = (fgh)dudvdw. Then,
for one of the six surfaces in this infinitesimal surface, we have
da = —(gh)dvdwe,, (the opposite side has its sign switched).
Therefore,

t-da = —(ght,)dvdw (5.143)

Consider the relation

F(u+du) — F(u) = %du (5.144)

Using all of this, we are able to calculate the divergence:

5515 ~da = (V- f)dr (5.145)

Find the divergence using the coordinate system w, v, w.

Exercise 21 (The Curl): When we wish to calculate the curl,
we consider the line integral of the vector-valued function ¢,

§1§t ~dl (5.146)

around a loop starting at (u, v, w) and going to (u+du, v+dv, w),
before returning back.

a) Verify that the bottom segment has the line element dl =
tdue,. Find t - dl. What is the line element for the top segment?
What about the right and left sides?

b) Verify that the integral to be taken is

y§t Ll = <88u(gtv) _ aav(ftu)> dudv (5.147)

Represent this in terms of da = (fg)dudve,,. The resulting
expression on the right-hand side (besides the e,, - da) becomes
the part of the curl multiplied by e,. You can derive the parts
multiplied by e, and e,. In a similar manner. Derive it.
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Exercise 22: Find the line element in cylindrical coordinates.

Exercise 23: Consider the sphere, which can be thought of in
spherical coordinates by setting » = 1 and letting 6, ¢ remain
free variables. Can you derive the metric tensor of the sphere
using the line element in spherical coordinates?

Exercise 24: Calculate the arc length of a circle with con-
stant angle ¢ = a and constant radius » = 1 using spherical
coordinates.

Exercise 25: Using the Lorentzian metric, is it possible for
the distance between two points to be less than zero? In what
context could this possibly be useful?

Exercise 26: Write out the equations for tensor transformation
and tensor density transformation. In what way do they differ?

Exercise 27: Consider the determinant of the metric: [g,,|.
Using the formula

_ Oxt Ox”

= g 5.148
In a9z I ( )

assess whether the determinant of the metric is a tensor, a tensor
density, or neither. In case of the second option, identify its
weight.

Exercise 28: Provide a general method for converting a tensor
density into a tensor.

Exercise 29: What is the weight of the Levi-Civita symbol
with upper indices? How does it compare to the weight of the
Levi-Civita symbol with lower indices?
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Exercise 30: Construct the identity for the contraction of the
epsilon tensor where m =n — 1.

Exercise 31: Verify that the volume element +/|g|d"x is indeed
invariant under coordinate change.

Challenge 1: In this challenge, we will consider multiple fas-
cinating coordinate systems. Remark on the properties of each
coordinate system, performing the necessary calculations when
possible.

(a) We consider the ingoing Eddington-Finklestein coordi-
nates, which are used to describe the metric near a spherically
symmetric black hole.

2GM
ds? = <1 — i ) dv? — 2dvdr — r2dQ? (5.149)

where v = t + r + 2GM ln‘ﬁ — 1’. We also consider the
outgoing Eddington-Finklestein coordinates, the line element of
which is written as follows:

2GM
ds® = (1 - ) du® 4 2dudr — r*dQ? (5.150)
r
whereu:t—r—2GMln|WrM—1 .

(b) We now consider Gaussian polar coordinates, which are a
family of coordinate systems whose line elements are of the form

ds* = —a(r)?dt® + dr® 4 b(r)*(d¢?* + sin®(¢)dh?)  (5.151)

Of course, the dt term implies that this coordinate system de-
scribes spacetime. What sorts of coordinate systems can you
create that fall under this coordinate system? Do they have any
remarkable properties?

(c¢) The Gullstrand-Painleve coordinates also describe a black
hole, but from the perspective of a free-falling observer. The line
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element is as follows:

2M 2M
ds? — (1 - T) 462 =2\ = dtydr—dr 127~ sin’ (9)d6”
(5.152)
Fr+1

where t, =t +2M (—2,/2};[ +In <\/71>> What are some

of the characteristics of this coordinate system?

The Kruskal-Szekeres coordinate system is yet another co-
ordinate system that describes black holes. There are two sets
of coordinates, one for the space outside the event horizon, and
one for the space inside the event horizon. The line element is
as follows:

_ 32GEM° o—T/2GM
r

ds? (—dT? 4+ dX?) 4+ r2dQ*  (5.153)

where, outside the event horizon,

T 2 t
_ _ JAGM
T (2G’M 1) e sinh (4GM) (5.154)
. 1/2
X = —1)  e"/*M cosh
(QGM ) ¢ o8

and inside the event horizon,

(5.156)

I sz ) (5.155)
s )

1/2
X = (1 — 2C§M> e AGM ginh

T= (1 - )1/2 e"/4EM cogh ( t

t
e ) (5.157)

Challenge 2: In this challenge, we explore the Levi-Civita
symbol.
(a) Calculate the following expressions. Justify your answer.

Eijemn (5158)

€ije™ (5.159)
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€€ (5.160)

€ijpe™” (5.161)

eijre ™" (5.162)

€ijred® (5.163)

€ijre’” (5.164)

Connect your answers to Equation 5.137.
(b) Show that

€ijk€imn = |01 Ojm  Ojn (5.165)

Okt Okm  Okn

(c) Represent the curl V x f using the Levi-Civita symbol.
(d) Write the contravariant epsilon tensor €' in terms of
the covariant epsilon tensor €;, ;. .

Challenge 3: Consider a twenty-dimensional Cartesian coor-
dinate system, (z?,...,2%°). Find three nontrivial curvilinear
coordinate systems that might be interesting to remark on. Cal-
culate the basis vectors, the metric tensor, the line element, and
the epsilon tensor, using computer assistance if need be. Then,
consider a twenty-dimensional submanifold of this coordinate
system with the induced metric. What would be the volume
elements of the integral over the manifold?

Challenge 4: This one is an open problem. Suppose that
we have a metric that is continuous, yet its derivatives do not
always behave nicely. Is it always possible to find a change of
coordinates such that the metric becomes “smoother,” that is,
the metric is smooth up to at least four derivatives (the curvature
of spacetime, in this case, depends on the second derivatives
of the metric)? Or, phrased another way, does there exist a
spacetime manifold that cannot be made smooth in this manner
no matter the coordinates?
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Tensor Calculus
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CHAPTER 6

Bundles, Fields, and Manifolds

6.1 Smooth Manifolds

We have learned, in Part I, about the definition and basic prop-
erties of tensors. Tensors allow us to perform calculus in spaces
beyond Euclidean R"; indeed, they allow us to perform the
operations of calculus on any manifold. However, in order to
learn tensor calculus, we must first define and outline a few key
properties of manifolds. A manifold is a sort of special kind of
topological space. The reader is not expected to know what a
topological space is, so the definition of such follows shortly:

Definition 156 (Topological Space). A topological space is a
set X equipped with a topology T . This topology T is a collection
(set) of subsets of X, with the following conditions:

1. X € T and 0 € T (X itself is in the topology and the
empty set is in the topology).

2. If we have any number of elements Uy, Us, ... € T, then

UtaeT (6.1)

(this says that the union of all these sets is also part of the
topology).

3. If we have a finite number of elements Uy, ...,U, € T, then

(U eT (6.2)

(this says that the intersection of those sets is also part of
the topology).

181
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Any set U € T is called an open set. As we will see, the
concept of a topological space is crucial to defining a manifold,
because the definition of manifolds rely on the concept of open
sets, which topological spaces allow us to generalize beyond that
of R™.

Before we define a manifold in particular, though, we need to
define the concept of a topological manifold, which is a special
kind of topological space. Below we define several categories of
topological spaces that are necessary to define the topological
manifold.

Definition 157 (Hausdorff Space). A topological space X is
considered a Hausdorff space such that, for any points x,y € X,
we can find two open sets U,V C X such that x € U andy € V
but UNV = 0.

That is to say, we can consider a topological space to be
Hausdorff if any two points can be “separated” by two disjoint
open sets. Furthermore, we define:

Definition 158 (Locally Euclidean). A topological space X is
locally FEuclidean if, for every point x € X, we can define an open
set U C X such that x € U and there exists a homeomorphism

p:U—=R" (6.3)

A homeomorphism, for those who do not know, is a mapping
that is both bijective and continuous. That is to say, if a mapping
¢ has an inverse ¢! and an open set V C R"™ maps to an
open set ¢~ (V) C X, then ¢ is a homeomorphism. If such a
homeomorphism exists for all z € X, then X is locally Euclidean.
At last, we come to the definition of a topological manifold:

Definition 159 (Topological Manifold). A topological mani-
fold X is a topological space that is both Hausdorff and locally
FEuclidean.

Note that some authors may label additional specifications
and constraints for some set to be a topological manifold, but
for the sake of simplicity, as the reader may not have enough
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topological background to know what paracompactness is, for
example, we will keep the definition of a topological manifold as
is.

Now we come to the idea of a chart. These allow us to set
up coordinates on a given topological manifold. We define it as
follows:

Definition 160 (Chart). A chart, or a coordinate map, at a
point p in a topological space X is a function v, : U — R™,
where U is an open set in X containing p which is known as the
coordinate neighborhood. This chart must be bijective (it must
have an inverse) and continuous.

Note that we say that the dimension of the chart is n, if
the function maps to R™. We can also create coordinates by
projecting ¢, onto some R using the projection function 7*:

zh U= R, 2t =7"op” (6.4)

Definition 161 (Atlas). An atlas (Ua, @a) is a collection of
charts pqand their respective open set domains that cover a
topological space; that is to say, any point on a topological space
X s in some U, can be mapped to a point in R™ by some @, in
the atlas.

Before we at last come to the definition of a smooth manifold,
we need to talk about smoothness, or the class C°° of functions.
We say that some function f : R™ > V — R™ is C* if all
functions of the form z’ o f are continuous and differentiable
infinitely. As an example, we consider the function f : R? — R?
such that

(z,y,2) = (2?y2®, ™) (6.5)
We consider x! o f:
(0..2) s 2%y (6.6)

As you can see, we have projected the resulting function onto the
first coordinate, so that we are only considering the first part.
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It is infinitely differentiable on all partial derivatives, and so is
C°. We then consider the second z?2 o f:

(2,5, 2) > €2 6.7)

This function is also easily C*°, as you can check for yourself.
Furthermore, we can extend this concept by calling a map f
analytic if 2° o f is analytic. The reader may not be familiar
with what an analytic function is. Here is the definition:

Definition 162 (Analytic). A function f is analytic if for all
points in the domain, some power series centered at any point
converges to the function in some neighborhood (open set) of that
point.

This is not too important to know, but it may come in handy
sometimes. Now, knowing what a topological manifold, chart,
and C*° maps are, we can finally define the smooth manifold, or
simply, manifold:

Definition 163 (Smooth Manifold). A smooth manifold, dif-
ferentiable manifold, or manifold M is a topological manifold
equipped with an atlas (Uy, o) such that

1. We have that
Ut =M (6.8)

2. For every U,,Ug C M, we have that the function
wpopyt i R™ — R™ (6.9)
defined on ¢ (U, N Up) is C°.

3. The atlas (Uy, pq) is mazimal, which means that it is the
unton of all other atlases belonging to M ; it is the biggest
one of them all.

We call the m in the expression ¢, : M — R™ the dimension
of M. Now we arrive at a certain useful theorem concerning
smooth manifolds.
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Theorem 54. A map from a manifold M to a manifold N is
C™ if its coordinate expression is C°° for some smooth C* atlas
(Uas o) of M and some smooth atlas (Vg,¢g) of N.

Proof. Let us define the coordinate expression of a map f : M —
N:

g=1vsofopy (6.10)

It is clear that, if ¢, : M — R™, and ¢¥g : N — R", then
g : R™ — R". It is given that g is C°°. Since ¢, and 13 are
defined to be C'°°, we understand that

V5logopa =15 ogofoptop,=f (6.11)

is C*° as well. Hence, we have that f: M — N is C*°. O

Furthermore, it would serve us well to define the concept of
a diffeomorphism, which is like a differentiable homeomorphism:

Definition 164 (Diffeomorphism). A diffeomorphism f from
a manifold M to a manifold N is a bijective and C*° map such
that the inverse map f~': N — M is also C*.

If such a diffeomorphism exists between two manifolds, the
manifolds are said to be diffeomorphic.

We have discussed at length the theory and definition of a
smooth manifold. Now it is time for us to study certain objects
that exist on manifolds that are of particular importance to us.

6.2 Tangent and Cotangent Spaces

Now that we have defined the concept of a smooth manifold, it
is time to shift our attention to that of tangent spaces. Now,
in order to understand the concept of a tangent space, we need
to get a good grasp of the concept of the derivative beyond
that of single-variable calculus. We provide a definition for the
derivative for functions in R™ below:
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Definition 165 (Derivative). Given a function f : R™ — R™,
for any point v € R™, we are able to take the derivative df,(v)
at a point x € R™ in the direction described by v as follows:

) = i SRS

(6.12)

This df, is a map R™ — R™ such that R™ 5 v — df,(v) € R™.
We call this map the derivative of [ at x.

You have hopefully learned some very elementary results
regarding derivatives in single-variable calculus, such as the
product rule or the quotient rule. The chain rule, in fact, applies
to derivatives of higher dimensions in a rather elegant way. We
state the chain rule like so:

Theorem 55 (Chain Rule). If we have some open sets U C R™
and V C R™, as well as two functions, f: U -V andg:V —
R?, we are able to state that the map d(go f), : U — RP, is
equivalent to

d(go f)a = dgs(z) © dfs (6.13)

The idea of a tangent vector stems from that of a tangent
curve in single-variable calculus. We are looking for a mathemat-
ical object that follows generally the same properties as that of
the derivative. As it turns out, there are multiple different ways
to define the tangent vector in differential geometry, all of which
essentially hint at the same geometric object. We begin with the
more abstract version, defined independently of coordinates:

Definition 166 (Tangent Vector). A tangent vector, vector, or
contravariant vector, at a point p € M, where M is a smooth
manifold, is a function v : C*®(p) — R such that, for every
fig € C®(p) and a,b € R, the tangent vector v follows these
properties:

1. We have that v(f + g) = v(f) + v(g).
2. We have that v(af) = av(f).

3. We have that v(fg) = fv(g) + gv(f). This condition is
known as the Leibniz rule, or the product rule.
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Furthermore, we can define the idea of a “tangent space,”
which is simply the set of all tangent vectors at a given point.
Very soon, we will see that we can even define the idea of a set
consisting of all tangent spaces on a manifold, called the tangent
bundle, but this idea will be explored mainly in the next section.

Definition 167 (Tangent Space). The tangent space at a point
p € M, where M is a smooth manifold, is the set of all possible
tangent vectors at p, denoted as T, M.

Now we introduce a more coordinate-dependent definition
of the tangent space and tangent vectors. This definition more
overtly relies on the derivative mentioned earlier, and is partic-
ularly useful for working with defined shapes imbedded in R™
(the reader should have a colloquial sense of what that means,
but we will define it more rigorously later). However, the reader
should note that we make use of “parametrizations,” which are
simply maps from R” to a manifold M itself, or the inverse of a
chart.

Remark 25. The tangent space can be thought of geometrically
as the best “flat” approximation to a given manifold such that the
space and manifold coincide at a single point; this is analogous
to how the tangent line of a curve in single-variable calculus
represents the best “flat” approximation to the curve such that
the curve and line coincide at a single point. Using this analogy,
one may think of the tangent space as the image of the derivative
of the parametrization p : R® - U C M C R™ (we take a more
coordinate-dependent approach to this definition):

dp : R" — R™ (6.14)

In this case, a tangent vector to a manifold M C R™ at a point
p €M isapointveT,MCR™

At this point, we shall examine some basic properties of
tangent vectors. The proofs for this should be relatively straight-
forward and may even seem rather stupid to reader, but these
are foundational results regarding the tangent vector and are
important to prove. Note that we use coordinate-independent
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notation here. The first proof deals with the constant function,
analogous to the fact commonly known that the derivative of a
single-variable constant function is zero.

Theorem 56. For every v € T,M and some constant function
c € C®(M), we have that v(c) = 0.

Proof. We utilize the product rule to our advantage. We consider
the constant functions ¢ and 1. We begin by considering cv(1),
which is equivalent to v(cl) by the second property of the tangent
vector. Then, we have that, by the product rule,

cv(l) = v(el) = ev(1) 4 1u(c) (6.15)

Subtracting cv(1) from both sides, we obtain
0=1v(c) = v(c)=0 (6.16)
Thus completes the proof. O]

The second theorem introduces the idea that the tangent
vector of two different functions which coincide in some open set
results in the same value for both functions.

Theorem 57. If we have two functions f,g € C*(p) such that f
and g are equal on some neighborhood, or open set, U, containing
a point p € M, then for every v € T,M, v(f) = v(g).

Proof. Note that this theorem only states the behavior of the
tangent vectors at p, not elsewhere on the manifold. Consider
1 to be the constant function mapping any point on U to 1,
similar to in the proof for the previous theorem. We have that
1f = 1g. Therefore, using the fundamental properties of the
tangent vector, we have

v(1f) = 1o(f) + f(p)v(1) = v(f) + f(p)v(1) (6.17)
And, since 1f = 1g by the given statement, we have that ¢t(1f) =
t(1g), which gives us

=v(1g) = v(g) + g9(p)v(1) = v(g) + f(p)v(1) (6.18)

Recall that f(p) = g(p), so we are able to state the equivalence
above. This shows us that f(p) = g(p), as given. O
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Remark 26. The above two proofs seem trivial and perhaps
even unnecessary, but it is often important to rigorously prove
theorems that seem intuitive to us.

Now that we have adequately defined derivatives on R™,
tangent vectors, and parametrizations, we are able to consider
the idea of a derivative on a manifold. Because manifolds are not
necessarily flat in the same way Euclidean space is, we need to
use parametrizations in order to calculate the derivative of a map
between two different manifolds. Observe the following definition
and exposition regarding derivatives on manifolds below:

Definition 168 (Derivative). Let us consider a map [ between
two smooth manifolds M and N. If we have a point p € M
and q € N such that f(p) = q, then the derivative is the linear
transformation described by

df, : T,M — T,N (6.19)

Let’s say that we have a U C R™ such that ¢ : U — M
parametrizes M, and the same thing goes with V' C R™ and N,
with a parametrization . We are given a mapping g : U -V
composed of g =171 o f op. We are able to take the derivative
of f,g,p, and ¥. Then, it follows that we must have

df =dipodgodp™t (6.20)

This allows us to easily compute the derivative of a mapping
from a manifold M to IV using coordinates.

As we are able to define the derivative on manifolds, it makes
sense that one should be able to find some form of the chain rule
for manifolds as well. We are able to find such a rule, and this
time, we will prove the chain rule, assuming the basic properties
of derivatives on flat space hold true:

Theorem 58 (Chain Rule on Manifolds). If we have three
smooth manifolds X,Y,Z, and f : X —Y and g:Y — Z are
smooth maps, then we must have that

d(go f)p = dgsp) o dfp (6.21)
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Proof. The proof lies in the properties of derivatives and the use
of many different maps. Let us list them all out:

e f: XY

e g:Y > Z

e p:R"DOU = X

e Y:R*"DOV Y

e p:RPOW = Z

e h=9lofop:U—=V

e j=¢ logoy: VW
From here we are interested in the following compositions of
maps:

e gof: X —Z

e« joh:U—->W

We note that go f = ¢ ojohoe . By the properties of the
derivative in coordinates, we have

d(go f), =dpodjodhodp™* (6.22)
Then, we have that this is equal to
(dpodjodp™")o(dpodhode™") =dgsp odf,  (6.23)
We consider that dg = dpodj odiy™', and df = dy odhodp™!.
Therefore, we conclude that
d(go flp =dgsp) o dfy (6.24)
O

We have learned about diffeomorphisms before. However, it
is also important for us to consider a concept of local diffeomor-
phisms, which is defined exactly as how one would think it to
be: a map between two manifolds such that at a neighborhood
of some point, the restriction of the map to the neighborhood is
a diffeomorphism.
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Definition 169 (Local Diffeomorphism). 4 map f: M — N
between smooth manifolds such that the restriction of the function
fu to an open set U containing p € M is a diffeomorphism is
called a local diffeomorphism at p.

The reason why local diffeomorphisms are so important is
because there exists one particularly important theorem, known
as the inverse function theorem, that tells us if a map is locally
diffeomorphic at a point or not. In fact, it is quite easy to tell.
All we have to do is examine the derivative of the map itself, as
we will see below:

Theorem 59 (Inverse Function Theorem). If f: M — N is a
map between smooth manifolds, where the derivative df, at the
point p € M is an isomorphism (that is, in this case, a bijective
linear map), then f is a local diffeomorphism at p.

Just as how manifolds can be diffeomorphic to each other, we
can also relate functions to each other in the expected manner.
We call functions equivalent, if the domains are diffeomorphic,
the codomains are diffeomorphic, and there exists a certain
relation such that we can rederive one function from the above
diffeomorphisms and the other function itself. Stated more
precisely,

Remark 27. Two functions f: M — N and g : X — Y are
considered to be equivalent if, given diffeomorphisms ¢ : X — M
and 1y : Y — N, we have that f = ogo¢~'. Then, the two
functions are considered to be the same up to diffeomorphism.

We now introduce the concept of the cotangent space. Simply
put, the cotangent space is defined as the dual space of the
tangent space.

Definition 170 (Cotangent Space). The cotangent space T,y M
of a manifold M at a point p is the dual space of the tangent
space Tp,M.

That is to say, a cotangent vector, or an element of the
cotangent space, is a linear map that takes a tangent vector
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v € T, M and assigns it to a real number in F. Therefore, we
consider Ty M to be the set of all linear maps wy, : T,M — F.
We will see in a few chapters why we use the notation w, and
the properties and intuition regarding this mysterious cotangent
space will be revealed in the coming sections and chapters.

6.3 Fiber Bundles

The concept of a bundle is best explained through example first,
and definition second. We begin by considering the tangent
bundle. The reader has undoubtedly come across the tangent
bundle beforehand in the book, where it was defined as the set of
all tangent vectors on any point of a smooth manifold M. We will
provide the definition again below, and study many definitions
regarding the tangent bundle, as well as other types of bundles.
(This section in particular will be a very definition-heavy section.)

Definition 171 (Tangent Bundle). The tangent bundle TM
of a smooth manifold M is considered to be the set of tangent

vectors on any point p € M; in that case, it can be considered to
be

™™ = | | T,M (6.25)
peM

where | | is called the “disjoint union,” and is the union of disjoint
sets.

We have defined the tangent bundle T'M, and we have defined
a tangent space T, M for each point p € M. Now, the reader
is probably wondering if there exists some sort of classification
of T,M as a subset of T'M. As it turns out, 7, M is considered
to be a fiber of TM. Let us consider the tangent vector v on
point p € M. We have that (v,p) € TM. If we project that
given tangent vector onto the point p € M, we have created a
surjective mapping. As it turns out, the preimage of p is precisely
T,M. Generalizing this example, we consider the fiber to be the
preimage of a map 7:
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Definition 172 (Fiber). A fiber of a point p under a map 7 is
considered to be the preimage of 7, like so:

7 (p) = {x : w(x) = p} (6.26)

With this in mind, we define the fiber bundle. The fiber
bundle is an incredibly abstract object, more so than most of the
other topics we have covered in the book thus far, so examples
will help to clarify. Essentially, we have a space that in small
regions (specifically open sets), we have that a space behaves
like a product space. In some cases, the fiber bundle actually
is a product space! In others, the fiber bundle is not particu-
larly a product space. Anyway, here is the definition, in full
mathematical rigor:

Definition 173 (Fiber Bundle). A fiber bundle is an ordered
quadruple (E, B, w, F) such that F, B, E are C™ manifolds, m :
E — B is a continuous surjective map, and for each point p € M
we have a neighborhood U C B such that ¢ : 1=Y(U) - U x F
is a C" diffeomorphism and ™ = projy; o ¢.

There is a specific type of fiber bundle that we are especially
concerned about called the vector bundle. As it turns out, the
tensor bundle is a kind of vector bundle (despite the fact that a
vector is a kind of tensor, and not the other way around). The
vector bundle is a fiber bundle with the additional stipulation
that each and every fiber of the fiber bundle must be a vector
space over the field of real numbers. We also have operations
defined on the vector bundle in a specific manner. Observe the
definition below:

Definition 174 (Vector Bundle). An n-dimensional vector bun-
dle is an ordered quintuple

{=(E,B,mo,0) (6.27)

where E is called the “total space,” B is called the “base space,”
m: E — B is a continuous surjective map, and & and ® are
operations defined as

e:|Jr ' ) xa ' (p) > B (6.28)
pEB



194 Chapter 6. Bundles, Fields, and Manifolds

©:RxE—E (6.29)

such that each fiber 7=1(p) is closed under both operations, mak-
ing it a vector space over the field R.

Additionally, we must have that for all p € B, there must
exist some open set U such that p € U and a homeomorphism
(a continuous bijective map) f: 7~ 1(U) — U x R™ such that it
is an isomorphism (bijective and linear) between the two vector
spaces 7 1(q) and ¢ x R™, for all ¢ € U.

Let me add some additional clarification with regard to the
operations defined in the definition above. When we “add” things
together using the @ symbol, the domain is simply two vectors
that share the same point. The point can be any point on the
manifold (that is the point of the union symbol), but the two
vectors must share the same point. The vectors must add to
become another vector in the same fiber. Similarly, multiplying a
vector using ® in a given fiber by a real number should produce
a vector in that same fiber. The & does NOT mean direct sum,
in this case.

We define a simple type of vector bundle, known as the trivial
bundle. In this case, the total space is actually a product space
containing the base space as well as R™. The projection = is, of
course, easily defined, and it is left to the exercises to show how
this admits a vector space structure.

Definition 175 (Trivial Bundle). The trivial bundle €™ (M) is
considered to be the vector bundle such that E = M x R™ and
m: M xXR" = M being a simple projection, with the obvious
vector space structure defined on each individual fiber.

Now that we have developed some knowledge regarding vector
bundles, it will behoove us to consider the possibility of two vector
bundles being equivalent. We call vector bundles equivalent if
they have the same base space, but different total spaces, but
there is a homeomorphism between the total spaces and the two
fibers (one for each total space) generated from a given point
are isomorphic. Of course, the homeomorphism in question is
considered to be an equivalence.



6.3. Fiber Bundles 195

Definition 176 (Equivalence of Vector Bundles). Two vector
bundles & and & are considered to be equivalent if there exists a
homeomorphism between the total spaces f : E1 — Fo such that
77 (p) =~ 7yt (p) for each fiber in the vector bundle. f is called
an equivalence.

Note that any bundle equivalent to the trivial bundle €™ (M)
is simply considered to be trivial as well.

Furthermore, we are able to map between different vector
bundles, which do not have the same base space. We wish to
add additional stipulations on this map, however. The “bundle
map” should actually be a pair of maps, one mapping the total
spaces and one mapping the base spaces. These maps and the
projections from the total to the base space should commute in
the expected manner, as is defined below. Furthermore, we must
have that the map from a fiber to the appropriate fiber is linear.
More insight regarding these somewhat nebulous terms will be
shed in the definition below.

Definition 177 (Bundle Map). A bundle map between two
vector bundles & and & is a pair of functions f : Fhy — Es
and g : By — By such that mgoo f = gom : By — By, and
I wfl(p) — wgl(g(p)) is linear.

Now that we have discovered some basic properties about
the vector bundle, let us consider another type of vector bundle.
Recall that the cotangent space Ty M is the dual space of the
tangent space T, M (one may wish to review section 1.2 of the
textbook on dual spaces to further solidify their understanding
of this concept). The cotangent bundle is simply the fiber bundle
such that each fiber is a cotangent space.

Definition 178 (Cotangent Bundle). The cotangent bundle
T*M of a smooth manifold M is considered to be the fiber bundle
containing all cotangent spaces at all points. Therefore, it is
denoted by

T°M = | | T;M (6.30)
pEM
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For the final topic in this section, let us consider the tensor
bundle. This particular object comes in many different forms,
but there is one commonality among all of them. Each fiber of
a tensor bundle is a product of the tangent space some number
of times and the cotangent space some number of times. The
definition of a tensor bundle is presented below:

Definition 179 (Tensor Bundle). The tensor bundle is a fiber
bundle such that each fiber is a product of the tangent space
and/or cotangent space, like so:

T ) =T,M®..T,MT;M®..0T,M  (6.31)

Fiber bundles, vector bundles, and tensor bundles are all
important concepts to study in differential geometry, yet this
section has barely scratched the surface regarding them. The
main takeaway from this section that the reader should obtain
is that we can apply our knowledge of vectors, dual vectors, and
tensors to objects on manifolds such as bundles, as well as fields,
as we will soon see in the next section.

6.4 Vector and Tensor Fields

Now we come to the topic of the vector field. We have that a
vector field is simply a map that takes a function on M to a
function on M, as if there were a tangent vector on every point
on the manifold taking each function to a different function at
each point. We will see that there are other definitions for a
vector field, but this is the first that we will introduce, due to its
similarity to that of the tangent vector in the previous sections.

Definition 180 (Vector Field). A wector field X on M is a
function such that

X 1 O%(M) — C%(M) (6.32)
and, for all f,g € C°(M) and for all ¢ € R:

1. v(f +g) =v(f) +v(g)
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2. v(cf) = cv(f)
3. v(fg) =v(f)g+ fu(g)

As T have mentioned beforehand, there is more than one way
to define a vector field. One can also think of it as a mapping from
the manifold to the tangent bundle (taking a point and mapping
it to a tangent vector at a given point). Both interpretations
are equally valid, and serve their own purposes in various fields
of differential geometry and applied mathematics. Furthermore,
as it turns out, we are able to define a vector field as a linear
combination of partial derivatives, with the coefficients being
functions on M.

Remark 28. A vector field X on M can be thought of as an
assignment of a tangent vector v, € T,M to each point p € M,
such that vy, is of class C*°. In this sense, the vector field can
be thought of as a map from M to TM: X : M — T M. FEither
definition will be used in differential geometry, so be aware of
both. We can represent vector fields as a linear combination of
partial derivatives, due to their relation to the tangent space, like
so:

X =c(p)o; (6.33)

Recall that 0; = 0/0x;.

We define a coordinate frame field that essentially forms a
basis for any other vector field that we create on a given manifold.
This will be useful in coordinate-dependent exercises.

Definition 181 (Coordinate Frame Field). The ordered set of
vector fields
(01, .., On) (6.34)

is called a coordinate frame field, or a holonomic frame field.

Since the coordinate frame field forms a basis for the set of
vector fields, we have that the coordinate frame field must be
linearly independent as well. The reader should ponder why this
is the case.

Remark 29. The vector fields 0; on R™ are linearly independent.
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A helpful hint for understanding this remark: consider the
action of two different coordinate frame fields on a function of
your choice. Particularly, consider this within the context of
the definition of linear independence given all the way back in
section 1.1 of the book.

We approach a theorem. If we have that the vector fields
coincide when acting upon an arbitrary function, then the vector
fields are equal. The given proof of this relies on the previous
remark, though it is possible to find alternate proofs. The reader
should try to search for one themself.

Theorem 60. If M is a smooth manifold and X,Y are vector
fields on M, if we have that X f =Y f for some f € C*°(M),
then X =Y.

Proof. All we need to do is prove that X =Y at a single point
p € M, since that point is arbitrary. Let

X =d'0;, Y =00 (6.35)

Note that 9; are linearly independent, so we must have that
a'd; = b'9; for each individual i € {1,...,n}. Then, it follows
that a* = b* for all defined i. Therefore, ¥ = a’9; = X on
pe M. O

We also consider a useful lemma, that if we have any tangent
vector, there exists a vector field containing such a tangent
vector in its appropriate position. The proof of this is somewhat
complicated despite its relative simplicity, and it is important
not to forget the subtlety that we are working on coordinates on
a manifold, and beyond the open set the coordinates are defined
on, the coordinates mean nothing. Taking this into consideration,
we prove the following theorem:

Lemma 8. For any v € T,M, there exists a vector field X such
that X (p) = v.

Proof. We want to define a vector field such that it is defined
only on the chart that p is in, and zero outside of that chart. It
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also needs to be continuous. Let’s write
v =0'0 (6.36)

and let

Y =00, (6.37)
and v' are constant functions on the open set UU. To accomplish
what we mentioned before, we turn to the cut-off function, a
specific type of function that is continuous, its value is 1 at a
desired point (in this case p), and approaches 0 at a desired place
(in this case as we approach the edge of U). Call this function £.
Then if

X =p8Y (6.38)
and X = 0 outside of U, then we have found our desired vector
field. O

Furthermore, we will now discuss the existence and uniqueness
of a particularly important vector field that can be constructed
from two other vector fields. It will be given a name soon, but
we consider the following lemma:

Lemma 9. If we have vector fields X and Y on a smooth
manifold M, then there exists a unique vector field Z = XY —
YX.

The proof of this lemma will be left as an exercise for the
reader. To start the reader off, one can prove uniqueness by
finding a single formula describing Z, and to prove existence,
consider the clever use of coordinate charts.

This field has a special name. It is called the bracket, or the
commutator. It is called the commutator because if [X,Y] =
XY — Y X =0, then the vector fields X and Y commute.

Definition 182 (Bracket). The bracket [X,Y] of two vector
fields, also known as the commutator, is the vector field defined
by XY =YX, and is C* (as X andY are C*).

Now we direct our attention to C>°M. This particular set is
considered to be an algebra over the set of real numbers. That
means that it follows certain key properties, which are outlined
below.
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Remark 30. We say that C*°(M) is an algebra over R. This
means that, given f,g € C*°(M) and a,b € R:

e ftg=9g+[f

s fHg+h)=(f+g) +h
« f(gh)=(f9)h

* a(bf) = (ab) f

s flg+h)=fg+fh

s (f+9h=fh+gh
ca(f+g)=af+ag

e (a+b)f=af+bf

c 1f=f
Furthermore, C*° (M) is a commutative algebra:
s fg=9f

Now that we have introduced the idea of C°°(M) being an
algebra, we will consider its relationship with a vector field.
Since the vector field follows several key properties outlined in
its definition, it turns out that the vector field is considered to
be a derivation of the algebra.

Remark 31. A vector field X is considered to be a derivation
of the algebra C(M), as it follows the following properties, as
stated beforehand:

1. v(f +g) =v(f) + v(g)
2. v(cf) = cv(f)
3. v(fg) =v(f)g+ fu(g)

Finally, we consider integral curves. Vector fields may admit
“solutions,” meaning that we can find a curve such that its
tangent vectors match up directly with that of the vector field.
The formal definition for an integral curve is provided below.
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Definition 183 (Integral Curve). If we have a curve on a smooth
manifold M, v : (—e, ) = M such that

7(0)=p (6.39)
and
V() = X(v(1)) (6.40)
where X is some vector field, we call v an integral curve for X,
with an initial condition p.

On the real line, a familiar setting, we examine the idea of
Lipschitz continuity. This is particularly important because it
pertains to the uniqueness of integral curves for a given vector
field and initial condition (if you recall solving ordinary or partial
differential equations, you may be familiar with the idea of a
vector field admitting a solution, or an integral curve):

Definition 184 (Lipschitz Continuity). A function f is Lipschitz
continuous on an open set U if there exists some ¢ such that for
all z,y € U,

[f(@) = f(y)] < clz -yl (6.41)

As it turns out, on the real line, if we have an integral curve
such that +/(t) = f(t), then given an initial condition, so long as
f is Lipschitz continuous, then we will have a unique solution.

We have examined all of these important properties of vector
bundles, but let us discuss briefly the idea of a tensor field. The
tensor field carries over quite easily from that of the vector field:

it is the assignment to each point of p € M a tensor in some
oM@ .. T,MTyM®..Q0T;M.

Definition 185 (Tensor Field). A tensor field is a mapping
T M->TM®.oTMT*M®...0T*M  (6.42)
such that
prs Tty 5 €TM® . @T,MQTM®..0T M (6.43)

It will be left as an exercise in memory for the reader to try
to find an example of a tensor field on an arbitrary manifold,
and describe the appropriate mapping.
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6.5 Sections of Bundles

Now, we consider sections of bundles. To understand bundles
and sections properly, it helps to consider a geometric picture
of a bundle inside one’s head. The tangent bundle is a suitable
example of a bundle, for the purpose of this mental exercise. We
can think of a section as essentially a function that takes in a
point in the base space of the bundle and assigns it an element
of the appropriate fiber. One would note that, if we were to
take the section of a point and then take the projection of the
resulting element, we would return to the point in question. In
fact, this is where the definition of a section arises. We first
consider the local section, which deals with points in an open
subset of the base space. Observe the definition of the local
section below:

Definition 186 (Local Section). A local section of a bundle is
a continuous function s : U — E, where U is an open subset of
B, such that for all u € U, we have that (7o s)(u) = u.

The global section as defined on a fiber bundle, is simply the
same definition, but U is replaced with B:

Definition 187 (Global Section). A global section of a bundle
s a continuous function s : B — E, such that for all x € B, we
have that (7o s)(z) = x.

We note that if we consider a function ¢, where ¢ : 771 (U) —
U x F (we map the fibers associated with the open set U to
a product space of the open set and F'; this is called a local
trivialization of the fiber bundle), and ¢ is a homeomorphism
(bijective and continuous), then it naturally follows that there
must exist a local section on U.

We can say that the set of all local sections form what is
known as a sheaf over B (the base space), which we call the
sheaf of sections on E (the total space). The question of what a
sheaf is and the study of such mathematical objects are beyond
the scope of this textbook.

The question of whether a given fiber bundle has a global
section or not is a question that drives part of the field of topology,
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and the interested reader may consider studying topology to
further pursue the answers to this specific question for different
fiber bundles.

6.6 Immersions and Submersions

Now that we have discussed manifolds at length and have con-
cerned ourselves with related topics such as fiber bundles and
vector fields, it is time to turn to the topic of an immersion. One
should be naturally familiar with the intuition behind an immer-
sion—for instance, many surfaces can be thought of as immersed
in R3, such as the sphere, or the torus. But surprisingly, the
sphere, for instance, as represented in 3-dimensional coordinates
is not actually a sphere! It is the image of a sphere immersed in
R3 under some map. So, an immersion is some sort of map that
takes a manifold of smaller dimension and maps it to a manifold
of larger dimension, in a specific way, as we will see below:

Definition 188 (Immersion). A manifold M is considered to be
immersed in a manifold M if there exists a C™ map f: M — M
such that for all m € M, there exists a neighborhood U C M
of m and a chart of M at V = f(U): y : V — R", such that
2t =y o f are coordinates on U for M. The function f is called
an immersion.

It is interesting to note that there are actually multiple
equivalent definitions of an immersion. All are equally valid.
However, one should also note that the immersion, due to the
fact that a manifold of lesser dimension is being mapped onto a
manifold of greater dimension, must have that its differential is
injective. That is, the linear map df,,, where f is the immersion
in question, must be injective. This will prove to be of great
importance.

Remark 32. An immersion f : M — N, because dim M is
meant to be less than or equal to dim N, implies that

dfp : Tp(M) = Ty N (6.44)

is injective at every point p € M.
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Now we come to the first theorem in this section, the local
immersion theorem. This theorem merely states that if we have
some immersion, then we must have local coordinates such that
the immersion is equivalent to what is known as the canonical im-
mersion, which is simply the mapping of coordinates (!, ..., 2™)
to (x!,...,2™,0,...,0). The theorem is stated below, with proof.

Theorem 61 (Local Immersion Theorem). If f : M — N is

an immersion at a point p € M, and q = f(p), there must exist
local coordinates around p and q such that

flt .., 2™) = (4, ...,2™,0,...,0) (6.45)

1 m

where x*, ..., x™ are coordinates of M around p.

Proof. We already have a function f : M — N. Let us choose
parametrizations o : U — M and ¢ : V — Y such that U C R™,
and V' C R™. Then we construct a mapping g such that

g=vlofop (6.46)

We know that dg,-1(,) is injective, so by changing the basis of
R"™ we are able to procure a matrix

1 0 ... O
o1 .. O
dg@—l(p) = 0 0 1 (647)
0 0 0
00 .. O

which maps R™ to R", where m < n. We are thus able to define
a function h : U x R*™"™ — R" such that
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It is clear that h : R™ — R"™, and furthermore, we have that

10 .. O

01 .. 0
dh(sa—l(p)’z7n,+1’...7zw,) == . . .. : (6.49)

0 0 .. 1

The inverse function theorem therefore shows, since dh is an iso-
morphism around (¢~ 1(p), 2™, ..., 2™), that h is a local diffeo-
morphism around (¢~ !(p), 2™, ..., 2"). We define the canonical
immersion ¢ : R™ — R" as

i(zh, .., 2™) = («4, ..., 2™,0,...,0) (6.50)

Note that g = hoi. We know that 1 is also a local diffeomorphism
around ¥ ~1(q), so ¥ o h is also a local diffeomorphism. It follows
therefore that ¢ : U — V can be expressed as

i=(@oh)tofoyp (6.51)

and therefore the existence of the canonical immersion, which is
equivalent to

flt .., 2™) = (4, ..., 2™,0,...,0) (6.52)
is guaranteed. O

Since we have covered the definition of an immersion, we
can now consider a stronger definition, which is known as an
imbedding, or an embedding. We add the additional stipulation
that the mapping itself must be injective, not just the differential.
That is, the imbedded surface cannot intersect itself in such a
way that two distinct points are “merged” into one. One may be
able to visualize such an example of an immersion that is not
an imbedding in their head. The definition of an imbedding is
stated officially below:

Definition 189 (Imbedding). If f in the previous definition is
1-1, then f is called an imbedding, and M is imbedded in M.
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It is a fact that there can exist manifolds inside other mani-
folds. We call such manifolds submanifolds. A submanifold of a
given manifold is a particular subset of a manifold such that the
subset is the image of an imbedding, like below:

Definition 190 (Submanifold). A submanifold of a manifold
M s the image f(M), where M is a manifold, and f : M — M
is an imbedding.

Since we have explored the idea of immersing manifolds inside
manifolds of equal or higher dimension, one might wish to ask
if it is possible to apply the reverse of such a procedure. That
is, to map a manifold to a manifold of lower dimension. In fact,
it is possible; this is known as a submersion. The submersion is
simply a mapping between manifolds such that the differential
is surjective, rather than injective necessarily, for all points in
the manifold.

Definition 191 (Submersion). A mapping f : M — N s
considered to be a submersion if we have that df, is surjective

forallp e M.

There exists a mirror version of the local immersion theorem
specifically for submersions, aptly named the local submersion
theorem. The statement is exactly as one knowledgeable of the
local immersion theorem would expect. Consider the following
theorem, presented without proof:

Theorem 62 (Local Submersion Theorem). If f : M — N is a
submersion at p € M, then there exist coordinates around p and
f(p) such that we have

flt ™) = (2!, ..., z") (6.53)

such that m = dim M, n = dim N, and m > n. This submersion
is known as the canonical submersion.

The proof of this is similar to the proof of the Local Immersion
Theorem and will be left as an exercise to the reader.

Since we have explored the role of coordinates in our study
of manifolds, it would benefit us to examine one other aspect
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of coordinates. We can use coordinates to take a “slice” of a
manifold, in the same way that one may be able to take a two-
dimensional slice of a three-dimensional manifold, or perhaps a
one-dimensional slice of a surface. The number of dimensions
does not necessarily matter, so long that the dimension of the
slice is less than the dimension of the manifold. We can do this by
creating a coordinate system and setting certain coordinates to
be constant. The reader should imagine a surface parametrized
in two variables, where one variable is held constant. What sort
of shape will result?

Definition 192 (Coordinate Slice). A coordinate slice with di-
mension m of a manifold N is the set of points in some coordinate
neighborhood U with coordinates y,...,y™ given by

{ppeUy™ ™ (p)=cmit, - y" () =cn} (6.54)

It essentially assigns all coordinates y™*1,

stants.

.., y™ to various con-

One final topic before we end the chapter on manifolds is
that of a refinement. We can take an open cover of a manifold
and refine such a cover. Intuitively speaking, a refinement makes
the cover “finer,” with smaller sets in the cover, in the same
way that smaller grains of sand would be considered finer than
that of larger grains of sand. We examine the definition of a
refinement below.

Definition 193 (Refinement). An open cover O of a manifold
M is a set of open subsets of M Uy, ... such that

Yuvi=m (6.55)

An open cover Q' is called a refinement of O if, for every U € O,
we have some V € O such that U C V.

Some open covers exhibit a property known as local finiteness.
That means that the number of sets sufficiently near any given
point is finite. This is a tough concept to wrap one’s head around,
so ponder this for a moment. The definition will be waiting for
you below whenever you finish thinking about it.
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Definition 194 (Local Finiteness). A locally finite cover O of
a manifold M is an open cover such that for all p € M, there
exists some open set U 3 p such that UNU; # O for only finitely
many Uj.

In this chapter, we have seen a great many of mathematical
beasts. We have seen the manifold. We have seen the fiber
bundle and the vector field. We have examined the properties of
the tangent and cotangent spaces, as well as their respective bun-
dles. Now, we are ready to perform calculus on these manifolds,
starting with the concept of covariant differentiation.

6.7 Exercises

Exercise 1: In the definition of a topological space, only an
intersection of a finite number of open sets is an open set. Why
might we specify this definition so as not to include an intersection
of infinitely many open sets?

Exercise 2: Let’s say we have two smooth manifolds M and N.
The disjoint union M U N obtains the disjoint union topology
in which a set U C M U N is open if and only if U = U,,, UU,,,
where U, is open in M and U, is open in N. Prove that M UN
is also a smooth manifold with the given topology.

Exercise 3: Building on the previous exercise, if M and N are
n-dimensional, what would the dimension of M U N be? Justify
your answer.

Exercise 4: Consider the set of all 2 x 2 orthogonal matrices
0O(2). Is this set a smooth manifold? What about the set of all
3 x 3 orthogonal matrices O(3)?

Exercise 5: Let X be an n-dimensional manifold. Show that
the Cartesian product X x X is also a manifold. What is its
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dimension?

Exercise 6: The projective plane P? is the set of lines passing
through the origin in R3. Show that P2 is a surface; that is, a
2-dimensional manifold.

Exercise 7: If M, N, P are smooth manifolds, show that (M x
N) x P is diffeomorphic to M x (N x P).

Exercise 8: How might we introduce a differentiable structure
on P™?

Exercise 9: Prove the chain rule for functions of multiple
variables in flat space.

Exercise 10: If we define v + w as (v + w)(f) = v(f) + w(f),
where v,w € T, M prove that v +w € T, M. That is, show that
it is linear and obeys the product rule.

Exercise 11: Is the tangent space a manifold? Do you think
that the tangent bundle is a manifold?

Exercise 12: Can you come up with a geometric explanation
for the cotangent vectors? Consider the fact that it takes in a
tangent vector and spits out a scalar number. What might the
cotangent vector represent?

Exercise 13: Consider the inclusion map ¢ : M — N for
a manifold N C M, where M is also a manifold. Is di, the
inclusion map of T, M to T, N? Show your thought process.
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Exercise 14: Show that if f : M — N is a diffeomorphism,
then df, : T,M — T,N is an isomorphism and a linear map for
each p € M.

Exercise 15: Say that we have a C* map f: M — N. Given
a v € T,M and a function h € C*°(N), show that

v(ho f) = df (v)h (6.56)

Use the fact that if (yi,...,yn) is a chart for N and (21, ..., Zm)
is a chart for M such that f takes one chart to the other, then

9\ _0y; 0
i (5r) = 5o (6.57)

where 9/0x; and 0/0y; are the appropriate basis tangent vectors.

Exercise 16: Show that T'M is a vector bundle. Show that
T*M is a vector bundle.

Exercise 17: Show that the trivial bundle €”(M) admits a
vector space structure on each of its fibers.

Exercise 18: Show that equivalence of vector bundles is really
an equivalence relation.

Exercise 19: Find a couple different vector bundles that are
equivalent to the trivial bundle. The more you can find, the
better.

Exercise 20: When we represent vector fields as a linear com-
bination of 9;, why do we have no argument for the partial
derivative? Why is it not 9;x;, for instance, or something simi-
lar?
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Exercise 21: Prove the existence and uniqueness of a vector
field Z = XY - Y X.

Exercise 22: Show that 0; on R” are all linearly independent.

Exercise 23: Find an alternate proof for Theorem 60, without
using linear independence of the coordinate frame field.

Exercise 24: What is an example of a tensor field on an arbitrary
manifold? Describe the mapping that the tensor field admits.

Exercise 25: A section on a tangent bundle has a very particular
name that you have seen before. What is it called? Justify your
answer.

Exercise 26: Do all fiber bundles have global sections? Why or
why not?

Exercise 27: Why is it true that there exists a local bundle if
there is a homeomorphism that is a local trivialization of the
fiber bundle?

Exercise 28: Find a particular global section for all vector
bundles.

Exercise 29: Consider the Klein bottle, which is constructed by
“taping” the sides of two Mobius strips together. Is it possible to
find an imbedding of the Klein bottle in R3? If not, what is the
lowest n such that the Klein bottle can be imbedded in R"?

Exercise 30: Consider the projective plane P2, which is the set
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of all lines through the origin in R3. Is it possible to find an
imbedding of P? in R3? (Remember that it has to be C°°).

Exercise 31: Prove the Local Submersion Theorem.

Exercise 32: Is it possible for a mapping between two manifolds
to be both an immersion and a submersion? Explain why or why
not.

Challenge 1: Consider a topological manifold M.

(a) Show that if the dimension of M is 1, 2, or 3, then there
exists a smooth structure on M. Do some topological manifolds
of higher dimension admit no smooth structures? Is it possible
for some topological manifolds to admit non-equivalent smooth
structures? If so, what dimensions guarantee equivalent smooth
structures? Prove all of your answers.

(b) Show that every one-dimensional smooth manifold is
diffeomorphic to either R or S*, with their typical smooth struc-
tures. What about two or three dimensional smooth manifolds?
What about higher dimensional manifolds?

(c) Consider a tensor field T'. In a coordinate neighborhood
U with a basis of vector fields 0; and a basis of dual vector fields
dx®, express the tensor field in terms of components of the tensor.
Define a tensor field in terms of a tensor bundle. What is the
relationship between the two objects?

(d) Show that any tensor density is the product of a tensor
with some scalar density.

Challenge 2: Consider the following definitions:
A sheaf F on a topological space X assigns to each open set
U C X aset F(U), together with restriction maps

puv  F(U) = F(V), VCU, (6.58)

satisfying the following properties:
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Definition 195 (Sheaf Axioms). A presheaf F is a sheaf if:
o (Identity) pyy = id.
o (Compatibility) puw = pvw o puy for W CV CU.

o (Gluing) If {U;} is an open cover of U, and sections s; €
F(U;) satisfy

pUi,UiﬂUj (87,) = pUj,UiﬂUj (Sj)’ (6'59)
then there exists a unique s € F(U) such that py y,(s) = s;.

(a) Show that the projection 7 : R? — R, given by 7(x,y) = z,
defines a fiber bundle with fiber R. Explicitly construct a local
trivialization.

(b) Consider the map 7 : S x R — S*. Show that this is a
fiber bundle. Now consider the Mobius strip M with projection
7 : M — S!. Explain why M is locally trivial but not globally
trivial.

(c) Let E — B be a fiber bundle. Define a section of the
bundle over an open set U C B. Show that the assignment

U +— {continuous sections s : U — F with m o s =idy} (6.60)

forms a presheaf.
(d) Prove that the presheaf of sections in (c) is in fact a sheaf.
(e) Let F be a sheaf on X. Define the stalk F, at a point
z € X. Explain intuitively how stalks capture “local behavior,”
and relate this idea to the local triviality condition of fiber
bundles.

Definition 196 (Stalk). The stalk of a sheaf F at x € X is
defined as the direct limit

Fp = lim F(U). (6.61)

zeU
(f) Compare the following two ideas:

e A fiber bundle is locally a product space.
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e A sheaf is locally determined by compatible data.

Formulate a precise analogy between these two statements. In
what sense can sections of a bundle be viewed as elements of a
sheaf?



CHAPTER 7

Covariant Differentiation

7.1 Affine Connections

In order to effectively and rigorously define the covariant deriva-
tive, we must first be introduced to the concept of an affine
connection. The definition of an affine connection is rather ab-
stract, but think of it as a sort of way to define a differentiation
on vector fields. This will become particularly important once
we define the covariant derivative later on in this chapter. The
affine connection takes two different vector fields and maps them
to a new vector field. It also follows certain properties that will
become clear in the definition.

Definition 197 (Affine Connection). Let X (M) be the set of all
C® wvector fields on a smooth manifold M. An affine connection
1S a mapping

V:X(M)x X(M)— X(M) (7.1)
such that
(X’ Y) = VXY (72)

Furthermore, the affine connection must satisfy the following
conditions: given vector fields X,Y,Z and C* functions f,g on
M, we have

VX(Y+Z) =VxY +VxZ (73)
fo+gyZ = fVXZ +9gVyZ (7.4)
Vx(fY)=fVxY + X(f)Y (7.5)

One may find it rather strange that the affine connection is
linear over C*°(M) in the first argument but not in the second
argument. We will explore this interesting property below.

215
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Remark 33. VxY is tensorial in X, but not Y. That is to say,
we have, by the fundamental properties of the affine connection,

fo+gyZ = fVxZ+gVyZ (7.6)

However,
Vx(fY +92Z) # fVxY +9VxZ (7.7)

As it turns out, because of this, we have that VxVY is a
tensor of type (1,1), if we hold Y constant. Furthermore, if we
hold X constant, the map Y — VxVY is a first-order differential
operator. This allows us to define differentiation on manifolds,
as we will soon see.

The following theorem concerns the fact that the affine con-
nection depends on the values of the vector field locally, and not
globally. Consider the following theorem with proof below:

Theorem 63. Let p € M. Then VxY (p) depends only on the
values of X and Y in some neighborhood of p.

Proof. Suppose we have some vector fields Y; and Y, that are
equal to each other on a neighborhood of p. Then we have that
Y7 —Y5 = 0 on some neighborhood U of p. If we have f € C*°(M)
be a function such that f = 1 near p and the support of f is a
subset of U (that is, the set of points where f # 0 is a subset of
U. Then we have that

Yi—Ys = f(Y1 - Y2) (7.8)
If we apply Vx, we have that

Vx(V1-Y2) = Vx (f(Y1-Y2)) = fVx (V1 =Y2)+ X (f)(Y1—Y2)

(7.9)
Recall the fundamental properties of the affine connection. At p,
we have f(p) =1 and X(f)(p) =0, while Y7 — Y2 = 0 near p, so
we have

Vx (Y~ ¥2)(p) = 0 (7.10)
Therefore we have

V)(Yl(p) — nyz(p) =0 = nyl(p) = nyg(p) (7.11)

O
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This theorem sheds some light on the behavior of the affine
connection. If we have two vector fields Y and Z that are
equivalent on some neighborhood U C M, where M is a smooth
manifold, then we have that VxY = VxZ on U. Note that this
behavior may not extend to the global case.

Remark 34. A refinement of the argument for Theorem 63
shows that V xY (p) depends only on X(p) and the first-order
behavior of Y near p. Thus an affine connection is a local first-
order operator.

We are aware that the affine connection is not tensorial
in both arguments; that is to say, it is only tensorial in one
argument. However, with a bit of creativity, we are able to
conjure a mathematical object built from affine connections such
that is tensorial in both arguments. Observe:

Theorem 64. Let V and V be two affine connections on M.
Let ~
AX,)Y)=VxY - VxY (7.12)

Then A is tensorial in both arguments. Specifically, A is a tensor
field of type (1,2).

Proof. We verify tensoriality in each argument. First, given
f e C>(M), we have

A(fX,Y)=VixY —VixY = fVxY — fVxY = fA(X,Y)
(7.13)
Clearly A is tensorial in the first argument. Then, we have

A(X, [Y) = Vx(fY) — Vx(fY) (7.14)

Using the properties of the affine connection, we have that this
is equal to

(fVXY + X(f)Y) = (fVxY + X(f)Y) (7.15)

= fVxY — fVxY = fA(X,Y) (7.16)

Thus A is tensorial in both arguments. O
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We now consider the affine connection V. We will find that
we are able to extend the definition of an affine connection from
vector fields to tensor fields, in such a way that preserves the
properties of the affine connection as is. We present the formal
statement below:

Theorem 65. Let V be an affine connection on M. There exists
a unique extension of V to all tensor fields on M such that

1. For functions f € C*°(M), we have that Vx f = X(f)

2. For vector fields Y, the extension agrees with the given
definition

3. The operator satisfies a Leibniz rule (product rule) with
respect to tensor products

If we consider the affine connection as a means of differentia-
tion of vector fields, it only makes sense that the extension of
the affine connection serves to be a means of differentiation of
tensor fields.

Remark 35. This result allows one to differentiate arbitrary
tensor fields using only the axioms of an affine connection. The
proof is obtained by defining the action on simple tensors and
extending by linearity.

We consider a more conceptual definition of the affine con-
nection, that is equivalent to the more mathematically rigorous
statements made earlier in our definition of the affine connection.

Remark 36. An affine connection may be viewed as a rule that
assigns to each pair of vector fields X, Y a new vector field VxY,
satisfying:

e Tensoriality in the first argument
o A Leibniz rule in the second argument

This serves as reinforcement of a concept that we have derived
from the raw axioms of the affine connection; namely, that it
allows us to differentiate vector fields in a certain way. This will
serve us well when we define such an object as the covariant
derivative soon.
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Remark 37. In this sense, an affine connection provides a way
of differentiating vector fields along vector fields, defined purely
in terms of its algebraic properties.

7.2 Christoffel Symbols

To begin our exposition of Christoffel symbols, we will first con-
sider the case in two dimensions; that is, of a surface embedded in
R3. Before we define a Christoffel symbol under these conditions,
we must first introduce a couple of new terminology. Provided
below is the definition of a surface patch. This should ring a bell
as a particular case of a mapping from R™ to a manifold.

Definition 198 (Surface Patch). A surface patch o is a mapping
from some open set U C R? to V C S C R3, such that

(u,v) — o(u,v) (7.17)

We can define upon such a surface patch an orientation N, which
18 a choice of a vector N normal to the tangent vectors of the
surface o, and o,.

On a surface, and for manifolds too, in fact, there exist objects
known as the first and second fundamental forms before. You
are familiar with the first fundamental form—it also goes by the
name of the metric tensor. The second fundamental form may
be less well known. A very quick definition of these forms will
be provided, as well as some other useful information, before we
define the Christoffel symbols of surfaces.

Definition 199 (First and Second Fundamental Forms). The
first fundamental form should be familiar, as it is the two-
dimensional metric tensor:

I = Edu®+2F dudv+Gdv? = g11du®+2g1odudv+ gaodv® (7.18)

Note that we define E = (o, 04), F = (04,0,) = (0y,04), and
G = (0y,0,).
IT = edu® + 2fdudv + gdv® (7.19)
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Now, we have that

e = {oyu, N) (7.20)

f={(ouu:N) (7.21)
and

g = {0y, N) (7.22)

The Christoffel symbol arises as a consequence of the affine
connection of a given manifold—that is, if you have an affine
connection, you have Christoffel symbols. These symbols es-
sentially encapsulate how much the manifold “deviates” from
flatness. This will become increasingly clear as we observe more
formulas with Christoffel symbols in them. The first particular
set of equations that we will look at concern the rate of change
of the tangent vectors. Certainly there does exist a normal com-
ponent to that rate of change, but if there exists a component
to that rate of change tangential to the tangent vectors of the
manifold, then the Christoffel symbols are nonzero. In that case,
we see how the Christoffel symbols imply a sort of deviation from
flatness.

Definition 200 (Christoffel Symbols in Two Dimensions). The

Christoffel symbols, Ff'j, such that i, 4,k = {1,2}, are maps from
U C R? to R such that these equations are true:

Ouu =0y +THo, +eN (7.23)
Ouww = lo0u + 0, + N (7.24)
Opu =310, + 13,0, + fN (7.25)
Opy = 50y + T390, + gN (7.26)

One important property of Christoffel symbols in surfaces
embedded in R? is that they are symmetric, in a sort. That is,
we have that the bottom two indices can always be swapped with
each other, and the value will remain the same. This may provide
useful for various calculations. We will note what happens when
we extend our vision to manifolds in n dimensions soon.
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Theorem 66. By this definition, under these conditions, we
always have that T3, =T1, and T3, =T3,.

Proof. Note that o, = 04, through the commutativity of partial
derivatives. This implies that

I'lyou +T%0, + fN =T4,0, + 15,0, + fN (7.27)

= Tlyou + T30, =130, +T3,0, (7.28)

Note that o, and o, are linearly independent. This implies that

ry, =T, (7.29)
and

F%l = F%z (7.30)
as desired. O

At this point, we can start proving certain elementary for-
mulas for Christoffel symbols based on the setting of a surface
embedded in R3. We consider the relationship between the
Christoffel symbol and the first fundamental form and its indices’
derivatives here.

Theorem 67. The following identities are true.
2(EG - F*)I'}, =GE, — 2FF, + FE, (7.31)
2(EG — F?)I'?, = 2EF, — EE, — FE, (7.32)
2(EG — F)*I'}, = GE, — FG, (7.33)
2(EG — F*)I'}, = EG,, — FE, (7.34)
2(EG — F?)I'Y, = 2GF, - GG, — FG, (7.35)
2(EG — F*)I'3, = EG, — 2FF, + FG, (7.36)
Proof. Consider that, by the product rule in calculus, we have

E, = <O'ua0'u>u = <O'uua(7u> + <O'u70'uu> = 2<0'uu70'u> (7.37)

1
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Then, by the definition of Christoffel symbols in two dimensions,
we have that

(Ouu,00) = (T}ou, +T3 0, +eN,o,) (7.39)

=T (0w, 00)+T%,(0,,0,)+e(N,0,) = T1, E4+T3 F+0 (7.40)

=T, E+THF (7.41)
This gives us
1
I'E+T5F = 3 Eu (7.42)

Furthermore, we examine what happens when we calculate the
following expression:

1 1
F,— -E, ={(0u,00)u — ={0u,0u)v (7.43)
2 2
= <Uuu70v> + <0u70uv> - <0u70uv> = <0uuvav> (744)

Furthermore, we obtain from the definition of Christoffel symbols
(Ouu,00) = (T},04 + T3 0, +eN, 0,) (7.45)

=Tl {0u,0,) + T3 {0y,0,) +0=T}F+T%,G (7.46)

This gives us

1

r,F+T%G=F, - 5 Fv (7.47)

Now, multiply equation 7.42 by G:

1

I',EG+T3,FG = S BuG (7.48)

Then multiply equation 7.47 by F:

1 2 2 1

N, F*+r{,FG=FF, — §E7JF (7.49)

We subtract equation 7.49 from equation 7.48:

1 1
I, (EG - F?) = 5BuG = FEy + SEF (7.50)
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Multiplying by 2 gives us the desired result for the first equation:
2(EG — F*)I'}, = GE, — 2FF, + FE, (7.51)

As you can see, the work required for this proof is rather tedious,
although simple, and I do not think it would be helpful at all to
work through the minutia of the entire proof for all six equations.
Hence, I will leave the verification of the other identities as an
exercise for the reader. O

There are certain characteristics of the affine connection which
may be of interest to the reader, for it will help us gain a deeper
understanding of the Christoffel symbol. The first condition that
we are interested in is that of compatibility with the Riemannian
metric; some affine connections may be compatible with the
Riemannian metric, but not all of them.

Definition 201 (Compatibility). We say that a connection
V on a given Riemannian manifold M is compatible with the
Riemannian metric (,) if the following equation holds for all
vector fields X,Y,Z € X(M):

X(Y, Z) = (VxY, 2Z) + (Y, Vx 2) (7.52)

Similarly, an affine connection may be symmetric, but it
may also not be symmetric. An affine connection that is both
symmetric and compatible with the Riemannian metric is called
a Riemannian connection, or Levi-Civita connection.

Definition 202 (Symmetric Connection). A connection V is
symmetric if, for all XY € X(M),

VyY = Vy X = [X,Y] (7.53)

We note that, if such an affine connection is compatible with
the Riemannian metric and symmetric, then we have that

X(Y,Z) = (VxV, 2) + (Y, Vx 2) (7.54)

Y(Z,X) = (VyZ,X)+ (Z,VyX) (7.55)
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Z(X,Y) = (VzX,Y) + (X,VY) (7.56)
If we have (7.54) + (7.55) — (7.56), we obtain

XY, 2)+Y(Z,X) - Z(X,Y)

=(VxY,Z2)+ (Y, VxZ)+ (Vy Z,X)
+HZ,VyX) —(VzX,Y) - (X,VzY) (7.57)
=(VxY,Z) - (Z,VyX)+2(Z,VyX)+ (Vv Z,X)
—(X,VzY)+(Y,VxZ) —(VzX,Y) (7.58)
=(VxY,Z) - (Vv X,Z) + (Vv Z,X) = (VzY, X)
HVxZY)—(VzX,Y)+2(Z Vy X) (7.59)
By the definition of symmetry, we have the following:

X(Y,Z)+Y(Z,X) - Z(X,Y)
= ([X,Y],2) + ([Y. 2, X) + (X, Z].Y) + 2(Z,Vy X) (7.60)
Isolating (Z, Vy X), we obtain

(Z,Vy X) = %(X(Y, 2+ Y2, X) = Z(X,Y)

—(X,Y],2) = [\, 2], X) - ([X, 2], Y)) (7.61)

Let us shelve this equation for now and define the Christoffel
symbol in general. As expected based on what has been said
before, the Christoffel symbol can be defined using the affine
connection. In fact, we have the following as the definition:

Definition 203 (Christoffel Symbol). We define the Christoffel
symbol Ffj by the relation V,e; = Ff’jek.

One can ponder the similarities between the two definitions
of the Christoffel symbol given in this textbook; indeed, they
are very much connected. However, if we have a Riemannian
connection (that is, a connection both symmetric and compatible
with the Riemannian metric), then the following theorem holds
true, which gives us an excellent and straightforward, if not
tedious, way to calculate each Christoffel symbol.
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Theorem 68. The formula for the Christoffel symbol in terms
of the metric and its derivatives is as follows:

m_ 1 "
I = 5 (0igsk + g8 — Orgis)g" (7.62)

Proof. Consider equation 7.61. Let Z = e, Y = ¢;, and X = e;.
We are given that Vy X =V, e; = Féjel. We have that

(Z,VyX) = (er, T er) = Tllen, er) =T g (7.63)
By equation 7.61, we know that
1
Ilgu = S (eilei ex) +eilen, e5) — exles, ei)

7<[ejvei]aek> - <[6iaek]aej> - <[6J’7€k}76i>) (764)

However, we know that, identifying e; = 0;, since partial deriva-

tives commute, we therefore have that [e;,e;] = 0, and so we
have
1
Igu = §(€j<€z‘a er) + eiler, ej) — ex(ej, €:)) (7.65)

Recall that (e;, e;) = g;;. Therefore,

1 1
Féjgkl = i(eigjk +ejgik — ergij) = 5(32'9]'1@ + 0igik — Orgij)
(7.66)

km _ 5lm

Consider that ggg . Therefore,

1
Tligug™™ =Ty =T = 5(0igjk + Osgni — Orgij) g™ (7.67)

We have achieved the desired result. O

One would be forgiven for thinking that the Christoffel symbol
is a tensor, for it has indices, both upstairs and downstairs, it has
to do with curvature and other properties of manifolds somewhat
like the metric tensor (and soon some other tensors that we will
learn about), and, after all, this is a book about tensors. But it
is not a tensor! The reader should figure out why so, especially
after reading the rest of this section.
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Remark 38. The Christoffel symbol Ffj is not a tensor. The
verification of this claim will be left up to the reader in the
exercises.

Up until now, we have taken for granted that the connection
is Riemannian, when considering Christoffel symbols. But if we
do not have a Riemannian connection, there are certain proper-
ties of Christoffel symbols that may be lost. For instance, the
property of being torsion-free is guaranteed under a Riemannian
connection, but may not necessarily be guaranteed with a regular
affine connection. A torsion-free Christoffel symbol is symmetric,
in a way; you can swap the bottom two indices and it will remain
the same.

Definition 204 (Torsion-Free). A connection V is torsion-free
if its Christoffel symbols satisfy the relation

1
Iy =Tf, = g(rfj +T%) (7.68)

Now, in the interest of the physicist reading this book, let
us concern ourselves with the calculation of Christoffel symbols.
Provided below is a fairly simple example of how to calculate
Christoffel symbols. We consider the plane with polar coordinates
particularly, and use the formula presented in Theorem 68. Pay
close attention to what is happening—you should be able to
figure out why the Christoffel symbol is not a tensor based on

this example.

Theorem 69. In the plane with polar coordinates, such that the
metric is equal to Grr = 1, grg = 0, gog = 12 (the variables are
r,0, in that order), then we have that

50 = —T (770)
1

Y = - 7.71

0 r ( )

Proof. The proof is unfortunately a lot of tedious calculus and
algebra. I will selfishly leave the reader to do most of the work.
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However, some examples will be provided on how to calculate
Christoffel symbols:

1
P:«r - 5((81”97“7" + argrr - argrr)grr + (argrﬁ + arg(ir - a@grr)ger
(7.72)

:%((o+of0)1+(o+of0)0):0 (7.73)

Then, we have

1
r0 = 5((0:9r0 + Bogrr = 0:970)9™" + (Orgoo + Dogro — Dogr0)9™")
(7.74)

:%((0—&—0—0)1—1—(27‘—1—0—0)0):0 (7.75)

Then, we have

P?«r = %((87“97“7" + 81”97“7" - argrr)grg + (ar’gr(? + 87"97"9 - a@grr)goe)
(7.76)

1 1
2<(0+00)O+(0+00)742)0 (7.77)
You should be able to gain some sort of idea of how to calculate
Christoffel symbols from these examples. From there, after a
little bit of calculus, we see that the values of the Christoffel

symbols match those in the theorem, for the plane with polar
coordinates. O

We have spent a lot of time with these Christoffel symbols.
But there exists another kind of Christoffel symbol; in fact, there
exists exactly two kinds of Christoffel symbols. One is the kind
that we know about, but the other can easily be derived from
the first one. Let us see below for further information.

Remark 39. There exist two kinds of Christoffel symbols. The
Christoffel symbol of the second kind, I‘fj, is the one that you
are familiar with. The Christoffel symbols of the first kind,
Frij = gleﬁj, can be found by lowering the indices appropriately.
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7.3 The Covariant Derivative

The covariant derivative is best described with the idea that we
want to have a version of the derivative vector that is tangent
to the manifold; that is, the covariant derivative is essentially
the derivative vector from the perspective of an object living in
the manifold. For instance, when we travel along the Earth’s
equator, we think that we are going straight, when instead,
we are actually taking a curved path in space. The former
encapsulates the covariant derivative; the latter encapsulates
the regular derivative. Before we define the covariant derivative
properly, however, (and we will define it multiple times in different
contexts), let us consider a vector field along a curve.

Definition 205 (Vector Field Along a Curve). If we have a
manifold M and a regular curve «y : [0,a] — M in the manifold

M, then a vector field V along v is considered to be a mapping
V :]0,a] = T,M for allt € ]0,al.

At this point, we are now able to define the covariant deriva-
tive. The covariant derivative, as mentioned before, is essentially
the projection of the regular derivative onto the tangent space
of a manifold containing the curve.

Definition 206 (Covariant Derivative). We have that the co-
variant derivative % or %V of a vector field V along a curve

v is the uniquely defined vector field along v such that

DV , dv
W = pTOJT’Y(io)ME (778)

t=to t=to

The covariant derivative allows us to define the concept of
parallelism mathematically. We consider a vector field to be
parallel if the covariant derivative of the vector field vanishes;
that is, if the arrows of the vector field are parallel with each
other relative to the manifold that the vector field exists as part
of the tangent space of.

Definition 207 (Parallel). We have that a vector field V is



7.3. The Covariant Derivative 229

considered to be parallel if we have that

DV
=0 (7.79)

on all [0,al.

Now we consider some of the properties of covariant deriva-
tives. The covariant derivative inherits the following properties
thanks to the properties of the regular derivative. We consider
the sum of vector fields, the scalar multiple of a vector field
(where the scalar is a function), and the inner product of two
vector fields.

Lemma 10. The following properties of the covariant derivative
hold.

o If we have two vector fields V,W along a curve v : [0,a] —

M, then
D DV DW
&(V +W) = o T (7.80)
o If we have a smooth function f : [0,a] — R, then
D , DV
Z(fV) = =l 81
—(V) =V P (781)
o We have that
d DV DW
4 — (= il 82
gvm=(Zw)+ (vED) s

Proof. The proof will be left to the reader. The reader should use
the properties of regular derivatives to complete this proof. [

As it turns out, the covariant derivative retains the above
properties when we generalize to higher dimensions. We can
describe the covariant derivative in terms of an affine connection,
like so:
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Theorem 70 (Covariant Derivative on a Manifold). Given a
manifold M equipped with an affine connection V, if we have
a differentiable curve v : I — M and a vector field V on M,
then there e:z;ists a unique vector field known as the covariant

derivative, W along v. We have that, if W is a vector field
along c,
DV DWW
dt(V+W) e + — 0 (7.83)
and if f is a functzon on I, we have
d DV
(fV) d—";V+f— (7.84)
Furthermore, if V(¢ ) = X(7(t)), where X € X(M), we have
DV
W == Vd'y/th (785)

Proof. This is an existence and uniqueness theorem, meaning
that this theorem asserts the existence of some mathematical
object as well as the uniqueness of this object under given condi-
tions. Therefore, we need to prove both existence and uniqueness.
We will start with uniqueness. Let us assume that such a co-
variant derivative exists, satisfying all properties listed. We find
a system of coordinates that can describe some of the points
on the curve +; that is, consider some x : U C R™ — M such
that v(I) N x(U) # 0. We can therefore express each 7(t) as
(xt(t), 22(t),...,2"(t)), where t € I. We can also define tangent
vectors like so: 5

Since there are n tangent vectors and all are linearly independent,
it stands to reason that any vector in 7, M = R™ can be written
as a linear combination of the tangent vectors listed. Hence, we
can write

(7.86)

V =dX; (7.87)
Slnce we have that 2(V + W) = Z¥ 4+ BW and 2(fv) =
V + f2V > it follows that
DV _da DX,
. dt " dt

(7.88)
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Now, we know that Dd)t("' = V4,4t Xi, by the final property

of the covariant derivative. We understand that Vyx ,vZ =
fVxZ+ gVyZ, and we necessarily have

dy _dit
dt — dt 7

(7.89)

SO
dz

J
VayjatXi = V%Xin = ﬁvaXi (7.90)
Recall that j is being summed over in the last expression. We
therefore have that
i J
% = Cilit it dditalVXin (7.91)
Because the covariant derivative must adhere to this formula,
the covariant derivative may only take on one value. Hence, it
is impossible for two or more distinct covariant derivatives to
exist. Therefore, if the covariant derivative exists, then it must
be unique.

To prove existence, suppose that we are able to define the
covariant derivative in one coordinate chart, x(U) using equation
7.91. It will be left as an exercise to the reader to prove that all
properties exhibited by the covariant derivative can be verified
through computation with that equation. However, it must
be brought to attention that one coordinate chart does not
necessarily define existence over the whole manifold, for the chart
may not cover the whole manifold. If we define the covariant
derivative in another coordinate neighborhood, y(W') with the
same equation, it is clear that the covariant derivatives for both
neighborhoods must be equivalent in the intersection, for we
have already proven uniqueness before. Repeat this process
indefinitely, and we are able to define the covariant derivative
over the whole manifold with its requisite properties. It is clear,
then, that it exists. O

This is not the end of our generalizing of the covariant deriva-
tive, however. We can utilize Koszul connections to consider not
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just vector fields, but also sections of fiber bundles in general,
which we covered before in Chapter 6.

We denote T'(M, E) to be the space of all smooth sections of
the vector bundle £ — M. The covariant derivative has a more
general definition, where E' may not necessarily be X'(M). We
consider the following definition:

Definition 208 (Koszul Connection). A Koszul connection is a
map V : X(M) x (M, E) — T'(M, E) such that

e Vix(s) = fVxs forall f € C*(M), X € X(M), and

se (M, E).
e Vxivs = Vxs+ Vys for all XY € X(M) and s €
(M, E).

o Vx(s1+ s2) = Vxs1 + Vxse for all X € X(M) and
S1, 82 EF(M,E)

o Vx(fs)=(Xf)s+ fVxs forall feC®(M), X € X(M)
and s e I'(M, E).

The Koszul connection allows us to define what is known as
a “natural covariant derivative,” which is a Koszul connection on
an open set with some given properties that may seem familiar
from our previous studies.

Definition 209 (Natural Covariant Derivative). A natural
covariant derivative V gives each open set U C M a map

VM X (M) xT'(M,E) - T'(M,E) such that
e VY is a Koszul connection on the restricted bundle E|y —

U.

o We have that, for some open set V.C U, (V{o)ly =
V;IVUW.

o The value (V$0)(p) depends solely on the value of X.

We are now able to study some of the properties of the Koszul
connection. Many of the properties are very advanced in nature,
but we shall explore some of the more basic properties. We begin
with the following theorem:
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Theorem 71. If we have a Koszul connection V : X (M) x
I'(M,E) —» T'(M, E) for some vector bundle w : E — M, then
if we have for some neighborhood U C M either X|y = 0 or
oly =0, then it must follow that

(Vxo)(p) =0 (7.92)
forallpeU.
Proof. The proof is left as an exercise for the reader. O

Now let us define the connection form. The connection form
arises naturally from taking the covariant derivative of a basis of
sections. Recall the Einstein summation formula as presented in
the formula below.

Definition 210 (Connection Form). A connection form w; is a

form such that, for a basis of sections e; and X € X, we have

Vxe; = w;(X)ei (7.93)

We can represent the covariant derivative of any section in
terms of these connection forms; all it requires is a calculation.
We will not go through the calculation in this text.

Theorem 72. If we can represent s € I'(M, E) as a linear
combination s = s'e;, then

Vxs=(Xs' +w§(X)sj)ei (7.94)
(Do not forget the Einstein summation convention!)

Let us come back from abstraction and Koszul connections
and consider the covariant derivative in coordinates. We begin
with the covariant derivative of a vector, which readily allows
itself to be shown in terms of the partial derivative and the
Christoffel symbol, as seen in the previous section.

Definition 211 (Covariant Derivative in Coordinates). We
define the coordinate derivative of a vector field in terms of the
partial derivative and the Christoffel symbol:

Vu VY =0, V"+ T,V (7.95)
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Note that the covariant derivative transforms covariantly; that
is, the covariant derivative of a tensor must also be a tensor. We
also wish for the covariant derivative to contain some additional
properties.

Remark 40. The covariant derivative contains a couple addi-
tional properties:

1. Vu(T",) = (V)" 0p
2. Vb= 0,0

These properties will allow us to define the covariant deriva-
tive of a 1-form, like so:

Definition 212 (Covariant Derivative of a 1-Form). The co-
variant derivative of a 1-form is defined as

Vwy = Opw, — T')w) (7.96)

One will be able to derive the covariant derivative of a general
tensor from the above formulas.

Definition 213 (Covariant Derivative of a Tensor). The covari-
ant derivative of a tensor generally is defined as

Viva...V. J— VivVa...V.
V#T mplpz---Pn - aPT mplmmpn

V1 mAVs...U, Vo Vi A...Um
+F;¢AT nP1P2mPn + FHAT mPle-upn T+

_ F)\ TViv2--Vm

A ViV2...Um
—I T " Xp2..-pn p2 PLA P T o

Hp1

(7.97)

7.4 Parallel Transport

Now we examine the concept of parallel transport. We recall that
a vector field V' on a smooth curve v is parallel if the covariant
derivative of the vector field vanishes on the entire interval of the
curve. We can use this concept to transport a vector from one
point on a manifold to another in such a way that both vectors
are in the same parallel vector field.
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Definition 214 (Parallel Transport). If we have a manifold M
and a smooth curve v : [a,b] = M, parallel transport along the
curve v is a function Py : T\ M — T, )M which sends each
vector v € T )M to the vector vy € Ty M such that v, and
vy are both elements of a parallel vector field along v att = a
and t = b respectively. If we have a piecewise smooth curve y
which can be split up into smooth curves v;, i = [1,n], then the
parallel transport along vy is the function Py : T\ qyM — T M
defined by taking the parallel transport of the wvector for each
smooth segment:

P,=P, 0P, ,0---0P,0P, (7.98)

We will prove soon that there is a unique parallel vector field
along a curve given a tangent vector at an endpoint of the curve.

We can define a specific type of parallel transport known as
the holonomy, which is when a vector is parallel transported
along a closed curve.

Definition 215 (Holonomy). In the above definition, if v is a
closed curve, orif y(a) = y(b) € M, then we can label the parallel
transport function Py, : TyoyM — T,qM as the holonomy
around 7.

Now we will use our knowledge of affine connections to prove
the claim we proposed earlier.

Theorem 73. If we have a manifold M equipped with an affine
connection V, a curve vy : I — M, where I = [a,b], and a vector
vo € Tya)M, then there exists a unique parallel vector field V
along the curve v, where V(a) = vg.

Proof. We will begin by showing that this theorem is true if
~(I) is contained in one coordinate neighborhood x(U), where
x:U CR™ - M. Suppose

x " (v(1) = (@1(1), .- (1)) (7.99)

and 4
Vg = ’Uéaj (7100)
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Then it must be true that
_ DV _ dv? dx

0=""=—0;+ — vIVp,0; 7.101
T T R T (7.101)
Recall that
Vo,0; = I';0% (7.102)
Thus, we have
dvF dx;
0=(——+v/—"T% )0 7.103
(dt U ”) b (7.103)
We assert that the system of differential equations
dv* dx;
0= — + kol =2 7.104
a v (7.104)

has a unique solution given initial conditions v¥(a) = vf, if
such a solution exists. Furthermore, a solution must exist for
any t € I, as the differential equation is linear. Therefore, the
parallel vector field exists and is unique if the curve is contained
in one coordinate neighborhood. Now, suppose the curve was
not contained in one coordinate neighborhood. The curve must
be covered by some number of coordinate neighborhoods. Now,
~v(I) is compact, as I is a closed and bounded interval, and so,
it is a standard result from topology that a finite number of
coordinate neighborhoods may be able to cover such a curve. In
each of these coordinate neighborhoods, we have shown that we
can define a parallel vector field on each. Because such a vector
field must be unique, when the intersections are not empty, then
it follows that the vector fields must coincide. Hence, it can
be shown easily from there that V exists and is unique on the
curve. O

We can define the parallel transport of a tensor as well. We
begin by considering the covariant derivative in coordinates:

Remark 41. Given a curve represented in coordinates by x*(\)
foru=1,...,n, we have that

D dzt
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where V is the covariant derivative in coordinates, or the affine
connection Vx,, .

7.5 Geodesics

7.6 Introduction to Curvature and Tor-
sion

7.7 Exercises

Exercise 1: Based on the results of Theorem 65, come up with
a formula for

Vx(Y ® Z) (7.106)

Exercise 2: Explain why A is a tensor field of type (1,2).
Explain why V is a tensor field of type (1,1) under certain
conditions. [Hint: Consider that A is viewed as a map
A: X(M)x X(M) = X(M) (7.107)
and V under specific conditions is a map
V:X(M)— X(M) (7.108)
Note that the former at a given point p € M is equivalent to

T,M x T,M — T,M = T,M x T,M x T:M —TF (7.109)

You can come up with something similar for V. Use this as a
springboard for your explanation.]

Exercise 3: Let V be symmetric, that is,

VyY — Vy X = [X,Y] (7.110)
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where [X,Y](f) = X(Y(f)) = Y/(X(f)). Find

Vo, 05 — Vajai (7.111)
where ¢ # j.
Exercise 4: Suppose that M is a smooth manifold with an
affine connection V. Suppose that ¢ : I — M is a C*° curve
and X is a tangent vector to M at p = c(tp), where ty € 1.

Show that there exists a unique vector field X along ¢ such that
X(p)=Xpand Vo X =0 for all t € I.

Exercise 5: Find all Christoffel symbols for the paraboloid
(2,y,2) = (u,v,u? +v?).

Exercise 6: Verify the rest of Theorem 67.

Exercise 7: Let £ = 1 and F = 0. Find all six Christoffel
symbols in terms of G and its derivatives.

Exercise 8: Show that the Christoffel symbols I‘fj in R” with
the Euclidean metric are all equal to 0.

Exercise 9: The half-plane with the Lobatchevski metric is
defined as the set
H? = {(z,y) € R*y > 0} (7.112)

such that g11 = ga2 = y% and g12 = 0. Calculate all six Christoffel
symbols Ffj.

Exercise 10: Show that the Christoffel symbol Ffj is not a
tensor.
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Exercise 11: Complete the rest of Theorem 69.

Exercise 12: Show that

1
= — 0,/ (7.113)
"Vl

and therefore, express
v, vt =9,V +T} V¥ (7.114)
in terms of 1/|g|, V*, and their derivatives.

Exercise 13: Find the Christoffel symbols of the first kind in
the plane with polar coordinates.

Exercise 14: Verify Lemma 10, on the elementary properties
of the covariant derivative. Use the properties of the traditional
derivative that you are familiar with.

Exercise 15: Using the following formula,

DV da’ dzxd

—=—X;+ — X; A1
i i + at a VX (7.115)
verify the following equations under the necessary assumptions:
DV DW
A1
d(V+W) VTS (7.116)
D df
—(fV)==V — 7.117
vy =Tvis? (7.117)
DV
W - Vd’y/th (7118)

Exercise 16: Can you think of a curve «(t) and a vector field
V such that % = %? The less trivial the better.
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Exercise 17: Prove that if we have a Koszul connection V :
X(M)xT'(M,E) — I'(M, E) for some vector bundle 7 : E — M,
then if we have for some neighborhood U C M either X|y =0
or o|y = 0, then it must follow that

(Vxo)(p) =0 (7.119)

forallpe U.
Exercise 18: Show that V2 = 0.

Exercise 19: Does the holonomy of a tangent vector along a
smooth curve always result in the exact same tangent vector?
Prove the claim if so, or find a counterexample if not.

Exercise 20: Verify that

D dx*

based on the properties of affine connections.

Exercise 21: Show that if the connection is metric-compatible,

then
D

agm/
Conclude that the covariant derivative of the inner product
of vectors v* and w" vanishes when the vectors are parallel
transported along a curve z(A).

=0 (7.121)
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